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Easter 2009 D.A. Ritchie
Short questions

1. Identical Particles

Explain why 7Li is a boson and ®Li a fermion.

2. Lasers

Why is a two level system not suitable for use in a laser? Describe a suitable
system.

3. Spin-orbit interaction

Describe the form of the spin-orbit interaction and provide a simple account
of its physical origin.

4. Spectroscopic Terms and Hund’s rules

Determine the possible Spectroscopic Terms for the following electronic con-
figurations in an atom (a) 2p'3p* (b) 2p? (c) 2p°. For each case use Hund’s
rules to determine the ground state Term.

5. Entanglement

Explain why the two qubits in the state %(|OO) + |11)) can be considered
entangled. Describe a quantum gate circuit suitable for generating such a
state.

6. Landau levels

Using qualitative arguments explain why the resistance of a two- dimensional
electron gas oscillates periodically with %, where B is the magnetic field
perpendicular to the plane of the 2D gas.



Long questions
7. Harmonic Oscillator, Ladder Operators; Perturbation Theory

A particle of mass m moves in a one-dimensional harmonic potential V(x) =
tmw?z?. Define an operator A = (2mhw) 2 (p, + imwi), where p, and 2 are
momentum and position operators for the particle.

a) Show that AA" = H/hw — 1, AtA = H/hw + 1 [H, A] = hwA and
[ﬁ, AT] = —hwAT, where H is the Hamiltonian operator.

b) Hence, show that the sequence of positive energy eigenvalues has the
form (n + 1)hw, where n is a positive integer or zero.

c) A perturbing potential is superimposed of the form Az*. By expressing
x in terms of the ladder operators, show that the shift in the energy
levels to first order in A is given by

3h2(2n% +2n + 1)
4m2w?

A

8. Variational Method

A particle of mass m moves in a one-dimensional potential A\z*. Use the
variational method to place the following upper bound on the ground state
energy, taking a Gaussian as your trial function.

K
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Compare with the exact result:
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You can use the standard integrals:
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9. LS Coupling; Zeeman effect

The yellow sodium D lines arise from transitions between the 2P1 and 2P3

excited states and the ground state 2S 1. Explain the notation used to spemfy
the states and the assumptions about “the Hamiltonian on which it is based.

Show that in a weak magnetic field B the 2P3 state will split into four

energy levels with uniform spacing 3 2upB and the 281 state into two energy
levels with spacing 2ugB, where ug is the Bohr Magneton By considering
terms in the Hamiltonian, explain how you would decide whether a particular
magnetic field could be considered as weak.

The sodium D, line corresponds to the transition 2P5 281 If sodium atoms
are excited in a discharge tube placed in a magnetlc field B, how many Do
emission lines will be observed if the discharge is viewed perpendicular to
B? What will be their states of polarization, and what will be their energies
relative to that of the Dy line in zero magnetic field?

[Ans: 6 lines, with energy shifts :I:%;LBB, +upB, :I:%;LBB, with the last four
plane polarized parallel to x or y and the first two plane polarized parallel
to z.]

When circularly polarised white light is passed through sodium vapour in a
direction parallel to the weak magnetic field, just two absorption lines cor-
responding to the Dy transition are observed; explain why this is so. Atoms
so excited by circularly polarised light may decay back to the 2S: state by
fluorescence. Describe the energies and polarizations of the fluorescence ra-
diation. What can you say about its directional properties?

[Ans: Only the two Amj; = +1 transitions will be seen in absorption, i.e.
those having energy shifts +upB and —1—3 upB. In fluorescence, observe three
lines; these two and that with energy shift _%,UBB .

J(J+1)+S(S+1)—L(L+1)].

[The Landé g-factor is g = 1 + 27(J+1)




Outline Solutions
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1. Identical Particles

"Li has 3 protons, 4 neutrons and 3 electrons - a total of 10 fermions. If
two “Li atoms are able to exchange their constituent particles 10 exchanges
will take place and the final overall wavefunction is equal to the initial one,
hence “Li is a composite boson. In contrast %Li comprises 9 fermions, on
exchange of all the constituent particles the final wavefunction is -1x the
initial wavefunction, hence °Li is a composite fermion.

2. Lasers

A two level system cannot attain a population inversion - where the upper
level has a greater occupancy than the lower level. Population inversion is
necessary for laser operation, this can take place with a three or more level
system where the lower laser transition state rapidly decays to another level.

3. Spin-orbit interaction

The spin orbit interaction has the form EF = —L - S, the electron moving
in the electric field of the nucleus experiences a magnetic field which has an
energy of interaction with the magnetic moment of the electron.

4. Spectroscopic Terms and Hund’s rules
Ordering of energy levels given by Hunds rules:

(1) Combine the spins of the electrons to obtain possible values of total spin
S. The largest permitted value of S lies lowest in energy.

(2) For each value of S, find the possible values of total orbital angular
momentum L. The largest value of L lies lowest in energy.

(3) Couple the values of L and S to obtain the values of J(hence the name
of the scheme). If the subshell is less than half full, the smallest value of J
lies lowest; otherwise, the largest value of J lies lowest.



(a) 2p'3pt : S=0,1, L =0,1,2 giving 1S, 35, 1P, 3P, 1D, 3D. Combining
S and L to give J giVGS 150, 381, 1P1, 3P0’1727 1D2, 3D1’2’3 .

Using Hund’s rules we get 3D, as the ground state.

(b) 2p? : Simple combination gives the same terms as in (a) but we now
need to take into account symmetry since these are equivalent electrons. For
S = 0 the spin part of the wavefunction is antisymmetric so the spatial part
must be symmetric and L = 0,2. For § = 1 the spin part of the wavefunction
is symmetric and hence the spatial part antisymmetric and hence L = 1.

So the following terms from those given in (a) are allowed:
'Sy, *Po,2, " Ds.
Using Hund’s rules the 3Py state lies lowest.

(c) 2p° : The configuration 2p° is equivalent to a single hole in a shell so
L =1and S = 1/2. Hence we have 2Py /53/2 of which J = 3/2 lies lowest
because the shell is more than half full.

5. Entanglement

In the state %(|OO) + |11)) there are strong correlations between the two
qubits. If we measure the two qubits simultaneously then there is a proba-
bility of 1/2 that qubit 1 is in the state |0) and qubit 2 is in the state |0),
there is also a probability of 1/2 that qubit 1 is in the state |1) and qubit 2
is in the state |1). However the probability that qubit 1 is in the state |0)
and qubit 2 is in the state |1) is zero as is the probability that qubit 1 is in
the state |1) and qubit 2 is in the state |0).

The quantum gate arrangement consists of a Hadamad gate which feeds the
control input of a CNOT gate - see slide 23.13 of the AQP course.

6. Landau levels

A full answer is given on slides 13.11-13.13 in the AQP course.



7. Harmonic Oscillator, Ladder Operators; Perturbation Theory

a)

AAT = (2mhw)” (px + mPw?i® + imwlz, px])
1
= % (pm + imw?i® + zw(zh)>

Likewise, ATA = I:I/hw + 3, as above with the opposite sign on the
commutator term.

The following useful results for commutators can easily be derived:
(12,3 = —2ihp, and [i?,p,] = 2ihd

Using these, we have

D=

[H,A] = (2mhw)"2 ([p/2m, imwi] + [mw?3?, b, )
1

= (2mhw) "2 (~Liw - 2ihp, + mw? - 2ihi)

= hwA
and similarly [H, Al] = —hwAT.
Suppose 1, is an eigenfunction of I, i.e. Hi,, = Ei,. Then:

(A Ay = —hwAly,
= H(ATy,) = (B, —hw)ATy,

Thus, /Alfwn is also an eigenstate of H with eigenvalue F, — hw. Like-
wise, Awn is an eigenfunction with eigenvalue F,, + hw — the operators
A and At act as raising and lowering operators. Consider the lowest
energy level, 1y:

Aty =0 = (AAN = 0= (H/hw =30 = Hipo = jhwil

and hence
E,=(n+ })hw

since 1), is generated by acting n times with A.



c) Perturbation theory gives the energy shift as AE, = (n| \z* |n). Write
Z in terms of the ladder operators:

1

2imw

Consider (A — AN*|n). The only terms which are not orthogonal to
(n| are those with two raising and two lowering operators, viz:

(A2A12 4 AATAAT 4 ATA2AT + AT2A2 4 ATAATA + AAT2A) |n)

Now, A|n) = ¢, |n+ 1), where we obtain ¢, from the condition that
both |n) and |n + 1) are normalized:

o> = (n| ATAn) =n+1

using the result from part a). Likewise Af|n) = d,|n —1) where
|d.|* = n. Using these results, a little careful algebra gives:

(A=AN4 n) = n(n—1)4+n*tn(n+1)+(n+1)(n+2)+(n+1)*n(n+1) = 6n°+6n+3
Hence, we obtain

_ 3R%(2n% +2n+1)
N 4m2w?

A

AFE,

8. Variational Method

Gaussian trial function - first normalise it:
9 1
1
¢ = Ae ™ = <&> gm0’
T
Next evaluate H |¢):
. h? d? 2 h? 2
Hlp)=A [— + )\xﬂ e =A [—(40421:2 —2a) + Axt| e7 "
mdz 2m

Using the standard integrals given,

Ko 3\
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Minimizing w.r.t. a gives:

1
B ()
om  8a3 \ 4n?

and hence substituting back into the expectation value of H:

OR2 \ 5
(16m>

which is within 2% of the exact result.

=

Ey <A

9. LS Coupling; Zeeman effect

The notation specifies the total angular momentum quantum numbers of the
atom in the form 271X, where X is a letter used to denote the orbital L
quantum number in the usual way. This implicitly assumes that L, S and J
are all good quantum numbers, which is true in the L-S coupling approzxima-
tion, i.e. when the spin-orbit interaction can be considered small compared
to the residual non-central Coulomb repulsion between the electrons.

In a weak magnetic field, the magnetic interaction pg(L + 2S) - B (assumed
small compared to the spin-orbit term) is treated as a perturbation on the
L-S coupled states. In this case, the energy shift is given by AE = gugBm,
where the Land¢ g-factor is g = 3 for the QPg state and g = 2 for the ZS%

state. Hence, the 2P s state will split into four energy levels with uniform
spacing % usB and the QS% state into two energy levels with spacing 2ugB.

In a discharge tube, atoms will populate all of the m; values of the 2P state.
The electric dipole selection rules allow transitions with Am; = :|:1,20 only.
The Amj; = 0 transitions correspond to dipoles in the z-direction, and the
Amj = #+1 transitions to dipoles in the z- or y-directions. So the allowed
decays from 2P% to QS% are:

m; A??’LJ AFE
a) +5—+5 -1 +usB
b) +1— 4] 0 —3usB
d —-i-+43 +1 —iupB
e) —% — —% 0 —f-%,U/BB
fy —3—--1 +1  —upB



Viewing perpendicular to the field in the y-direction, say, contributions from
both z- and z-dipoles can be observed. Thus 6 lines will be seen, of which
b) and d) are plane-polarized in the z-direction, and the other four plane-
polarized parallel to x.

The circularly polarised light will induce Am; = +1 transitions only (or
alternatively Am; = —1 with the other handedness of polarization). Only
two absorption lines will be seen, corresponding to a) and ¢) in this case. Thus
only the m; = +3, +3 substates of the 2P3 level will get excited. So, the
only transitions seen in the fluorescence spectrum will be those starting from
the my; = +2, +1 states, i.e. a), b) and ¢). Transitions a) and c) are both
Amj; = —1, associated with x — y dipoles; they will be circularly polarized
when viewed along z, and plane polarized along x or y when viewed along
y or x respectively. Transition b) has Am; = 0, associated with z dipoles;
it will not be seen when viewed along z, and will be plane polarized along z
when viewed in the x — y plane.



