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Section 2 — Methods of Approximation

*Very few problems in Quantum Mechanics can be solved

analytically.
*For many situations we must resort to approximate
techniques.
2.1 Variational method
2.2 Born-Oppenheimer Approximation
+ 2.3 Time-independent Perturbation theory
2.4 Degenerate Perturbation theory
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2.3 Perturbation theory: Two state problem (1)

*Few problems in quantum mechanics can be exactly solved.

N

*But problems are often soluble if we neglect small termsin H .
*\We use pertubation theory to estimate the effect of these terms.

-Consider a simple two state problem with a Hamiltonian; H =H, + H'
where H,is the unperturbed Hamiltonian and H 'is a small perturbation

If the solutions to Schrodinger’s equation for H, are known to be;

Hw,=Ew, ; Hyw,=Ey,

and we assume E, # E,, the exact solution, |g), for H |¢)=E|¢)can
be expanded,;

‘¢>:C1‘W1>+C2‘W2>-

eSubstituting into Schrodinger’s equation; (HAO + |:| ')
obtain;

¢)=E|p) we

Cl(E1+I:I’)

W1>+C2(E2 + H\') W2> = E(Cl‘W1>+C2‘W2>) :
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Two state problem (2)

*From the previous slide:

Cl(El+ HA’) W1>+C2(E2 + HA’) W2> = E(Cl‘W1>+C2‘W2>) -
+Taking the inner product with (i, |and (i, |in turn gives:

¢(E,+H/,-E)+c,H/,=0, c¢H,+c,(E,+H,,—E)=0.
-Elimination of ¢ and ¢,; (E, +H;; —E)(E,+H,,-E)=H,H;
:>EZ_E(El—l_E2+H£1+H£2)_H£2H£1+(El+H]Tl)(EZ_FH;Z):O

which is quadratic in E with solution;

E =3[ B +E, +Hl, + Hy, £ (B, —E, + Hl, ~HL) +4HLHG, |

«So far this is exact — it doesn’t require H 'to be small.
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Two state problem (3)

*For systems with more than two states, not usually possible to obtain an
exact analytic solution — but a computational approach may be viable.

*From the previous slide:

E =3[ B+ B, + Hl + Hp, # (B B, + H] —Hj,)  +4HHG, |

*We can simplify this when H; <|E, —E, | - the perturbation matrix
elements are much smaller than the energy level spacing.

*Expanding the square root:

H H; , H' H!
12" 121 +O(Hij3) or E=E, +H], - 12" 121

E,—E, E,—E,

*This is a power series in the matrix elements of H'. To first order the
shift in the energy levels is:

E=E +H+

+O(Hi33)

AE, :<‘//i‘HA’

Wi>: Hii .
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General case (1)

*The general case: suppose . energy levels Er(lo) & stationary states ‘ wn>
of unperturbed Hamiltonian H ,are known.

*We have a small perturbation AH "* so:

N

H=H,+AH’
*We want to find new eigenvalues E_and eigenstates ‘¢n> where

H|g,)=E,|d.).

*Make a power series expansion in A :
E =EP+1EP + A°EP +...
)=l + A3 C )+ A7 C ) ¢

k#n k#n

Completeness of set of unperturbed {]z//k >} means we can expand
each term in power series for ‘¢n> .

* A Is simply a device to keep track of terms in the equation -
when we want to get rid of itwe let A — 1.
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General case (2)

*Substitute power series: £ = E(O) +/1E(1) +12E(2) +..
o) =lva)+ A2 Cil \wk>+122 Cai [wi)+

k#n k#n

sinto Schrodinger’s equation: > E ‘¢ > to give.....

o)+ 4> COED |y, )+ 22> (COH +CPE) w, )+ O(4%) =

k=#n k#n

EO )

B o)+ 4B [wo )+ 4B X CRl )

k=n

v, #2235 (EPCH+EQCE)w, [+O(29).

k=n

«Equating coefficients of A4 :

J+ Y CVEL lwi ) =EP | )+ EPY CQlw, ).

k=n k=n
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General case (3)

“From last slide: H ‘wn>+z C(l) E,EO) ‘Wk> = Er(]l) ‘l//n>+ Er(lo)z C(l) ‘l//k>

k=n k=n

*Taking the inner product with <wn }and using orthonormality, <Wm | Wk> =

we obtain:
E 1 _ <Wn >

*S0 the first order energy shift is the expectation value of the perturbation —
the same result as for the two state system.

*To obtain the wavefunction - take inner product with <wk ‘where K#n:

;

V) (v
- E(O)_EEO) — ‘¢> ‘Wn>+§ EL(O) ElEO) “//k> (/1_)1)

*S0 the admixture of ‘Wk>in the n' perturbed eigenstate is the matrix
element of the perturbation divided by the energy difference.

*The main contribution to the perturbed wavefunction comes from states
nearby in energy.

olf Erfo) = Elfo)we need degenerate perturbation theory.

AQP Michaelmas 2008 7.8



Perturbation theory: second order
*As previously:

EQ |y, )+ AR |y, )+ 2> CPED |y, )+ 22> (COH'+ CLE)|w, ) + O(4%) =

k#n k#n

B W)+ ABD [y )+ 4B X CRllwi )+ AE [y, )+ A7 3 (BCR) + EVCL0) [y )+ O(47).

k#n k#n

Equating coefficients of A° and taking inner product with <Wn ‘:

Ergz) = ZCr(lt) <Wn ‘ H' Wk>» Hermitian
k#n
N /
L ast slide: Crgt) = <§él(<0‘)H_ El/g;> & since: <Wn ‘ H "l//k> - <‘//k ‘ H' Wn>*
n k

*Energy to 2" order:

AL LAT L,

0 0 0 0
k=n Erg)_ElE) k;tnErg)_ElE) E A
E
Symmetry = first order shift often vanishes. E(o)/ ‘
k
*Nearby states contribute most to 2" order energy shift. Eﬂ“”‘\
En

*Nearby states ‘repel’ when perturbation applied
1f E” > E!”state k moves up and n down. H'
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Example: 1D Harmonic Oscillator (1)
*A 1D harmonic oscillator with linear perturbation
11 a2 252 S
H —mp +§ma) X +ZX.

«To evaluate matrix elements of the perturbation express X in terms of
harmonic oscillator ladder operators & and a'

R =\5l-(A+4").
*Since é‘¢n> :\/ﬁ¢n—1>9 éT ¢n> — N n+1¢n+l> >

*The first order energy shift:

E=(4,|A% 6, = A\ 3y (4, 4+8" 4,
M%(Jﬁ@n\¢n_1>+\/n+1<¢n\¢n+l>)=o Forall n.

*The same is true for any odd function of X.
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1D Harmonic Oscillator (2)

2
*To second order: E(Z) ) Z | <¢k ‘ H" r¢n> |2 - Z ‘ﬂv Zri;]la)<¢k ‘a+ aJr ¢n>
! k=n E(O) — E(O) k=n ErEO) o E|§0)
‘ﬂ,/ ¢k‘¢nl +Vn+1<¢k‘¢n+l>)‘
E(O) E(O)

o <¢k | ¢m> =0, = Er(] ) only has terms from adjacent levels k =n+1
-Since E\” = (n+1)A® we find:

hA° n n+1 A°
_ (0 _
= =5y +2ma)£E(°)—E(°)+E(O) E(O)j_(nJr%)ha)_Zma)

n+1

2

*This Is the exact solution !l — because we can re-write the potential as:

2
22
Mao” 2ma?®
S0 a harmonic Oscillator with a linear Perturbation is the same as a

harmonic Oscillator with a shifted centre of oscillation and reduced energy
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Example —the He atom (again)

Lecture 5: (Vf w.r.t. r,
2 2 2
H :—h—(Vf+V§)+ A BN L S V2 Wt T,
2m Are,\ 1, 1, ) Amg, 1,
X S ﬁzz‘rl_rz‘
H, H )
For HA0 ground state energy E(O) = —222R Wy = Wi, (I‘l)lﬂls (rz),
1(Z2Y 4 Ang,h’
where () = ( ] e ?'% Z=2a,= 77502 .
Jr\a me
So: , ,
e 5> Ze 3)
EY = r == = ~ZR
<l//13 ( 1)W13 ( 2)‘ 472'80 - ‘Wls l//ls ( )> 8 472'803.0 4 00
*This is the same integral as the variational calculation with Z' — Z

Total energy= (32 —2Z° )R, =-74.7eV.

«C/w variational value —77.4eV , experimental value —79.0eV .

N

eIn this case H' is not small!
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Example: potential well (1)

A
*A deep 1D potential well, unperturlzoezd energies, V(x) i
wavefunctions are: E{” = (n +1)* 2225 |
2ma I
W, :\/gcos((nﬂ);zx/a), n even L
P LV X
W, :\/gsin((n +1)zx/a), n odd &7 p 07y ar
Hence: Perturbation:
' H' =v,|x< %
oD
1 2 - N
EWY =2V [* cos® (zx/a)dx = 4[b+2sin(zb/a)] |H'=0, b<ix<a

1
El():Za\_/ 27

Check: if b =a then Eél) = El( =V as expected.

-b
L~

sin (2zx/a)dx =% b— £ sin(2zb/a) |
1)

For b<a, EY ~2vb/a, EY =0 because y, = 0in the region of
the perturbation whereas ¥/, is at a maximum.

For wavefunction; since V (X) symmetrical CIE? =0 ifk+n odd - no
contribution from adjacent level - only a small change in wavefunction.

*Perturbation causes change in energy but not wavefunction to first order.
AQP Michaelmas 2008 7.13



*A deep 1D well, apply an electric field &

ey

Potential well (2):Stark effect

H =—-g&X

= E! =

a

-29¢& 3

-a
2

d

X COS* (ﬂxj dx =0

- since we have an integral of an odd function.

Leading contribution from E(()Z) oc &% since <g//k \X\y/0> # 0, Kodd.

Like an induced dipole moment poc & energy :% pE& oC E°

*In this case C&) # 0 for odd k — to first order energy unaffected but
wavefunction altered:

Y

o

1
Cl(o)‘)” 1

)

P

\

0

Asymmetric =
dipole moment
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Potential well (3):Second order

2
T e (2 202 |<l//k‘Xl//>|
Iif H' = —g& X then 2" order energy shift : E; =q°& kZ: £0) _ EEO)
#N

oIf we just consider lowest two levels N =0,1 then: "

2
2 | <l//o ‘ XW1> | __E®@
E(O) . E(O) 1
0 1
Since Eéz) <0, El(z) > (0 the difference between levels increases with
electric field:

[ (wo| X wy )
s = g7 -5 =257 YOV

E® = e

2 2
o W°7r

2ma’

-Given E{” =(n+1) on evaluating the matrix element:

2 22%3°m
AE =" 2
3 h

Comparison with experimental results — next slide.
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Potential well (4): Experiment: PHOTON WAVELENGTH (i

i3 135 4 145 15
.12 T T T T
‘ ABSORBANCE WITHOUT FIELD A,

«Semiconductor multilayer - 50 off 12nm
GaAs guantum wells sandwiched
between 35nm AlGaAs barriers.

ABSORBANCE WITH ./
008F  ApRLIED FIELD AV VR

.04

22% ABSORPTION

*Optical absorbance measured as a
function of wavelength, ¥, — ¥,
transition takes place

ABSORBANCE [-log{transmittance}]

*Apply electric field across structure and B I
observe Stark shift in absorbance peak. WAVENUMBER (o)

91.5 76.5

*Plot peak energy as a function of
electric field &.

6.5 17558

sParabolic variation of energy with &.

Measurad " Calculated

(120A Wal))

*Reasonable agreement with theory p
(exact if GaAs wells are actually 10.7nm —
and not 12.0nm) }

885 S . -+ - : : 735
o 10 20 3¢ 40

*First observation of Stark effect in QWs Eiocteic Fiold fkViem)

Peak Energy (meV)
o0
0
14,
-k

Peak Epergy (meY¥)

— much larger shift than atoms. A Harwitt and J S Harris Appl Phys
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Lecture 7 - Summary
*Perturbation theory — used to calculate_ changes in energy levels and
wavefunctions due to a small change, H'in the Hamiltonian.

*To 15t and 2"d order: . {w H' v 2
E, =E” + (v, |H ‘//n>+; < Ek(l) Eé°)>
*To 1storder: 4 ﬁ’ v,
)=l + 3 e
k=n n k

sExample: 1D harmonic oscillator — application of a linear perturbation
results in a shifted centre of oscillation and reduced energy.

sExample: Binding energy of He atom — using inter-electron Coulomb
energy as perturbation gives —74.7eV c/w —79.0eV from experiment.
Not as good an estimate as that from the variational calculation in L5.

Example: Potential bump in centre of quantum well changes energy but
not wavefunction (to first order).

sExample: Electric field applied to quantum well changes wavefunction
but not energy to first order. Second order calculation gives a quadratic

variation of energy with field — confirmed by experiment (Stark effect).
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The End!!
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