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Section 2 — Methods of Approximation

*Very few problems in Quantum Mechanics can be solved
analytically.

*For many situations we must resort to approximate
techniques.
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Variational Method
Born-Oppenheimer Approximation
Time-independent Perturbation theory

Degenerate Perturbation theory
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2.1 Variational methods: Ground state (1)

*Based on the completeness property of the set of eigenfunctions
of the Hamiltonian:

Hy; =k,
«Choose a trial wavefunction — @(r) not necessarily normalised.

Normalize it;

#(1)=—2D

(#19)

Clearly ¢(r) must be normalizable — the integral must converge

where <¢|¢> zj|¢(r) > d°r.

*Expectation value of energy of state ‘¢'> IS:

©)-(@1Alg)- 20
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Ground state (2)

*Due to completeness of the set of eigenfunctions we can expand

the trial wavefunction:
d(r)=> cw,(r), A
" Hy, =Ev,

eHence:

(B|H|#)=>cic, (wn|Hw,) = ci,E, (W lwn )= | ¢, P E,

m,n

given orthonormality: <wm ‘wn> = jw; Ny, (Nd°r=5__ .

Similarly:  (¢]¢) =D crc, (W |w.) =D Ic, .

S0 :<¢“:I‘¢>: nEn|Cn|2
(&) (1¢) D e, P
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Ground state (3)
*To estimate the energy of the ground state E

Excited states have E > E, so Zn E |c [°> Eoan c |

, (g|H|g) D E.lc, [
Hence <E>— <¢|¢> = Zn|Cn|2 > E,.

*So by varying the arbitrary function ¢(r) we can get an upper
bound on the energy of the ground state.

*S0... choose a function with one or more variable parameters.
(For example: a Gaussian, exp(—axz) parameter «.)

. <E> Is then a function of these parameters and can be minimized.
oIf ¢(r) is exactly the ground state wavefunction then <E>min =E,
otherwise <E>min|s an upper bound on E; .

-Estimate is more precise as @(r) — w,(r)- so guess well!
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Ground state (4)

*A good estimate of the ground state energy depends on an intelligent
choice of wavefunction

However a poor trial wavefunction can provide a better than expected
estimate.

*Why? — because the discrepancy between <E> and E, is quadratic in
the discrepancy between the trial wavefunction ¢(r) and w,(r) .

*To show this suppose that @(r) =y, (r)+ ey, (r) where ‘wk> is an
excited state and ¢ is small.

we can write;

2
Since <E> = Z” B, [0

2l T

<E>:(Eo+|5|2 Ek)/(1+|5|2) = Eo"‘|‘9|2 (B, —Ep).

Thus a 10% admixture of an excited state wavefunction leads to an

increase in <E> of order 1%
AQP Michaelmas 2008 5.6



Example — The Helium atom (1)
*To calculate the ground state energy of Helium

«Charge on nucleus Ze Two electrons with coordinates I, T,
(VZwrt.r
~ R e’ ((Z Z 1
H :__(V12+V;)+ S T <V§ W.I.L T,
2m Ae,\ 1, 1, 1,
kr12 = ‘rl ~ rz‘

«To choose @:
In ground state expect both electrons in 1s level with opposite spins.

»1s wavefunction similar to H atom — but nuclear charge screened

from one electron by the other.
3

1(Z'Y s Are b’
W1s(r):\/;£a]62/oi aozm—gz
0 e

*Overall wavefunction ¢ =Y (rl)%s (rz)

Use

« /' as afree parameter (we expect 1<Z'<2).
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The Helium atom (2) R ® 1 _iasy
Y Ang, 2a, '

We calculate the energy
expectation value for electron 1

eFrom solution of H atom: n 2 L e r2
S B Vi W1s(r) =-Z Rool)”ls(r)

2m 47z<¢,‘orl

Ze® ) Z'e’ Ze’
- 1 vy () =-2' Rool)”ls(r)+ Wls(r)
2 Aze t. 4
term added to both sides of eqn. 7

l/jls (rl)

eHence:

2 i r 2
Ze H=-Z7R. + (Z2'-Z)e

2 43
) dr,
Are,r, Y 7N vae (0

electron no.1
(from H atom)

Energy for hz 2
9y <¢‘_%V1_

3
2

Zl’lla{)& USIngI X e axdx_

“With (1) = (_O)

e’ (2'-2)Z"

3
Are, 7a,

-27' /&, 2
o0 e ! e
jo 47”‘12 —drl =
I, Are,a,

2'(2'-2)

A similar result

SO h° 2 Ze” 12 ' applies to the
<¢\—%V1— $)=R,|Z2?%-22Z"]

second electron
Are,r,
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The Helium atom (3)
*The electrostatlc mteractlon between the 2 electrons gives us:

< ‘ ‘¢ —IJ‘W1s(r)‘ ‘Wls(r )‘ d rd r Since
472'80 12 ‘r_rZ‘ Y.
d°r =r°drdQ
1 Z’3 i eZ 2 —ZZr/aod ZZr/aod dQ Q
(1% ) e e gemanfaa T
*Now 1 = L , @is the angle between r, and I,

n-r, \/( 2 + 17 —2nr,cos6)

*Choosing the direction of I, as the z-axis we can write:
1
dQ,=| d¢ d(cos@)
j‘rl_rz‘ ; jo j \/r -I—I’

- 21,1, c0s6)
2
= _é[\/( I*+1, — 2K, COS 6’)}

where the integral over ¢ yields a factor of 27

cosf=1 272.
cosf=—1 rr (r h ‘r rz‘)
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The Helium atom (4)

*The integral over () yields a factor of A7r so overall:

6
Z') 8¢’ ozt . 1
| >:( j TP j r’e 221’a‘Odrj r7e 22" % dr, I‘ll’z(rl+r2_‘rl_r2‘)

|

4 TtEy 1,

=(Z ] j re 22" r {Zj rZe22%/%dr 421 [ re ZZ“Z’aOdr}
Are,

2 1
$)="ZR,

*Using standard integrals we get: <¢‘ 4

Are, i,

-Adding the terms together: (¢|H |@) = [ZZ'2 —477'+%7 ]
‘Minimize w.rt. Z'Gives 42'-4Z+>=0=72'=7Z-2=4]

o|f e-e interaction is absent then we get Z' = Z as expected

-So (¢|H @) =—2(2) R, =-77.4eV (c/w experimental value—79.0eV)

*A reasonable result — could refine estimate using a more complicated trial
function (and a computer....)
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The Rayleigh-Ritz Method
A slightly different approach, take a trial function of the form:

¢(I’) — Zajl)”j(r)

: : J . .
& (r) are a linearly independent set of functions (not necessarily
complete or ortho-normal).Coefficients jare variational parameters.

'So! <E>:<¢| H |¢>:Z,-,k oo (v, H \wk>zzj,k aoH,
#19) Zj,kajak<l)”j‘l)”k> Zj’kajaksjk
* H , are matrix elements of Hamiltonian, S, ‘overlap’ integrals.

Minimizing w.r.t «;:
0= Z O‘jHijZ oS _Z ;o H ,-kZ a;s;
j ik ik j

*Hence if minimum of<E>is E. . then Z a;(H; —E..S;)=0.
*This is a set of simultaneous equationsjfor a;. Fora non-trivial solution:
|IH-E . S|=0

*Which can be solved for E_. . If system is known to be describable by
finite no. of s (r) this method must give the exact ground state energy.
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Rayleigh-Ritz - the hydrogen atom (1)

*This method can be applied to look at the effect of the mass of the
nucleus on the ground state wavefunctions of the hydrogen atom.

*\We use a linear combination of 1s and 2s orbitals (calculated using
an infinitely heavy nucleus), with the true Hamiltonian for the atom.

\

*The basis functions are:

1) | 1Y) > :
Wl:[:*j e "%, %:[ 3] (1-r/2a,)e™""™ ao=4§j§l

7ra, 87a,

*The trial function is: Wi,y = 0¥, + QLW

*The basis functions are orthonormal so: S 822 1, 812 = 821 =0

‘Where §; = <I,Vj ‘wk>

The Hamiltonian is:
~ ik g’ m_m
H=——V°"- , ="
2 U Arg,r m, +m,

N

Reduced mass
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Rayleigh-Ritz -the hydrogen atom (2)
H \z//k> are straightforward to

*The matrix elements H ; = <W,—
evaluate and given by:

2 2
Hy, = %_1 hz ’sz:1 %_1 hz !
m 2a,m, 4 m 2a,m,

p P

2
H. =H. = 16 me h Note:If we had used the
12 — "1l — 27\/5 mp 2a§me ;:r(]);]eclt_lwaleliluncii%ns for H
Hll’ H22 > H21’ H12 12 21

From above: |H-E_; S|=0and 5, =5,,=1 S,=95, =0

H11 B ESll H12 B ESlZ

*SO
H21 B ESZl H22 B ESzz

:H11_E H12
H21 H22_E

=E* _(H11+ sz)E"' H,H,, -H,H, =0
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Rayleigh-Ritz -the hydrogen atom (3)

Solving this quadratic in E we get:

5 2
E =t M M _gll5 g li4of 24 ™
82a;m,\ m, 8lm,—m,

m n°
Note that if we allow — —>0, E=- 2

m 2a,m,
*With

as expected.
p

m, =9.109x10 kg, m, =1.6726x10"*"kg
1 & h*
8 2a;m. 2a;m.

E = 0. 994559(5+3\/ (1+371. 10-7)) 0.994559

*This is a reduction in \E\ of about 5 parts in 103.

«To calculate the wavefunction: we have: Z a, (Hij _E
J

S0 o, (H,-E)+a,H,=0, oyH, +a,(H,,—E)=0
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Rayleigh-Ritz -the hydrogen atom (4)
051(H11_E)+0‘2H12:O’ a1H21+052(H22—E)=0

o
-Which can be solved to give —* =-3268 and since a; +a; =1
&,

o, =0.999999953, o, = -0.000306

The wavefunctionis .., = oW, + oW,

*This suggests that the wavefunction now has a very small — 3 parts in
104 admixture of the 2s wavefunction into the 1s wavefunction.

*This result (as well as the decrease in magnitude of the energy)
suggests that the electron wavefunction has moved slightly away from
the nucleus. The reduced mass used in the Hamiltonian is slightly less
than the electron mass and the ‘effective particle’ has slightly more
freedom than an electron.

*Rayleigh-Ritz method has allowed us to calculate the effect of the
mass of the nucleus on the ground state energy and wavefunction.
For experimental results comparing hydrogen with deuterium see

pages 106-7 Haken and Wolf.
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Excited States

oIf the trial wavefunction is orthogonal to the ground state i.e.

¢y =[5 (NP(r)d°r =0,

(pIH|p) D Eclc [
E)= = >E, .
EI=00 3 o

*This is an upper bound for the first excited state. If quantum numbers of
ground state are known ( e.g angular momentum or parity) @ can be
chosen to be orthogonal.

Then

oIf this is difficult use variational method to approximate ground state and
choose ¢ orthogonal to it. This may not work well if ¢ has some
admixture of the true ground state.

*When looking for a global minimum be careful not to get stuck at the
wrong stationary point!
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Lecture 5 - Summary

*Variational method — by varying a trial wavefunction ¢(r) and
minimizing the energy we can obtain an upper bound on the energy of

the ground state E, .
(¢1H¢)
E)= > E,.
&= 1e)

sExample — the ground state energy of the helium atom — calculated
using a variable nuclear charge Z'as a free parameter. This gave a result
of Z'=% and E, <—-77.4eV c/w experimental value: E; =—-79.0eV

*Example — the effect of the mass of the nucleus on the ground state
energy and wavefunction of the hydrogen atom. Using a mixture of 1s
and 2s wavefunctions as a trial wavefunction ‘E\ was shown to be
reduced by 5 parts in 103. The 1s wavefunction was modified by the
addition of 3 parts in 10* of the 2s wavefunction — the effect being that the
electron moves slightly away from the nucleus.

*A trial wavefunction orthogonal to the ground state may be used to give
an upper bound for the first excited state.
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Lecture 5

_(¢[H]#)
(E)= (1 4)
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The End!!
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