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Section 5: Atoms

5.1 The real hydrogen atom

5.2 Multielectron atoms

5.3 Coupling schemes

5.4 Atomic spectra

5.5 Atoms in a uniform magnetic field
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5.2 (Continued) Central field approximation

•The Hamiltonian for a multielectron atom, neglecting spin and other 
relativistic effects is:

where                     - the electron-electron repulsion term is complicated…

•The central field approximation assumes the e-e term contains a large 
spherically symmetric component. The following property of spherical 
harmonic functions,

shows that a closed shell with all values of       full will have a spherically 
symmetric charge distribution. 
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Central field approximation (2)
•Given the spherically symmetric charge distribution for a closed shell, we 
can write                           where:

• is a sum of terms for each electron so the wavefunction can be 
separated into product of wavefunctions for each electron.

•We solve Schrodinger’s equation using      and treat       as a perturbation.

•The eigenfunctions of      for each electron will be characterised by 
quantum numbers               .               

•But       no longer has a         variation.

•So the wavefunctions with different   for a given    will not be degenerate.

•The difficult part of the process is to estimate            which depends on the 
wavefunction of all the electrons.

•This suggests an iterative approach.
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Central field approximation (3)
•An iterative method is provided by the Self Consistent Field approach:

(1) Guess           , as            we expect                    corresponding to no 
screening. 

•As              we anticipate                                              which is perfect 
screening.

•We start with smooth behaviour for           between these limits.

(2) Solve Schrodinger’s equation  numerically for energies and wavefunctions 
of single electron states: 

(3) Estimate the ground state by filling levels, using the exclusion principle, 
until all the electrons are accounted for.

(4) Using wavefunctions improve           . Charge density                                  
and Gauss’ theorm will give the radial field, integration gives          .

(5) Return to step (2) and iterate until convergence          
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Central field approximation – Hartree Fock
•This method takes account of exchange interactions.

•To do this we ensure the wavefunction including spin is antisymmetric 
under particle exchange.

•Use Slater determinant. For     electron where                       wavefunction 
is             , k is shorthand for set of quantum nos.

•Overall wavefunction:

•Each of         terms in      is a
product of wavefunctions
for each electron.

• factor normalizes 

•Determinant changes sign if two columns exchanged – the same as            
this ensures wavefunction is antisymmetric under particle exchange.

•Determinant is zero for identical rows – so all  wavefunctions must be 
different – satisfies Pauli exclusion principle. 

•Note: If            determinant reduces to: 
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Central field approximation – Hartree Fock (2)
•Result of calculations:Eigenfunctions with quantum nos:             and

•States with different    for given    are not degenerate. 

•Smaller   lower energy – nucleus better screened for larger   . 

•States with a particular value of    are a shell, pair of        values a subshell.

•The values of Z for the inert gases:
2,10,18,36  - which have a high 
ionization energy now emerge
naturally corresponding to the 
no. of electrons just before a new 
shell (value of    ) is entered.
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n= 1 2 2 3 3 4 3 4 5 4 …
l= 0 0 1 0 1 0 2 1 0 2 …

Degeneracy 2 2 6 2 6 2 10 6 2 10 …
Cumulative 2 4 10 12 18 20 30 36 38 48 …
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Central field approximation – Hartree Fock (3)
•Use sequence of energy levels to predict 
ground state electronic configuration of atoms.

•Fill up levels using exclusion principle:

•Outermost electrons of most interest –
chemical activity or optical spectra

•Can often omit closed shells:– O is (2p)4

•Sometimes configuration is not correctly predicted in heavier atoms with 
close energy levels. Cu ( Z=29 ) would be expected to have (4s)2(3d)9

but has (4s)1(3d)10 - can happen when d and f subshells are being filled

•Basis of periodic table – expect elements with similar configurations in 
outermost shells to have similar chemical properties, 

•e.g. alkali metals

•Halogens

Element Z Configuration

H 1 (1s)1

He 2 (1s)2

Li 3 (1s)2(2s)1

O 8 (1s)2(2s)2(2p)4

Li Na K Rb Cs Fr

(2s)1 (3s)1 (4s)1 (5s)1 (6s)1 (7s)1

F Cl Br I At

(2p)5 (3p)5 (4p)5 (5p)5 (6p)5
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The periodic table of the elements
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Artificial atoms
•Structures can be made from GaAs 
and AlGaAs which have properties 
similar to atoms.

•The GaAs quantum dot is filled with 
electrons which tunnel through 
AlGaAs barriers at certain ‘gate’ 
voltages with a peak in current 
measured for each electron added.

•Adding an electron to the dot 
requires a certain energy which is 
measured by the change in gate 
voltage between current peaks. 

•The symmetry of the 2D harmonic 
oscillator potential for the electron 
confinement leads to complete filling 
of shells for 2,6,12... electrons – a 
sequence reflected in the electron 
addition energy data. S Tarucha et al Phys Rev Lett 77,3616 (1996)
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5.3 Coupling Schemes
•In a partially filled subshell the angular momenta of electrons can couple 
in different ways giving different total angular momenta and energies.

•Consider the Hamiltonian:

• includes K.E and central field

• is the residual Coulomb energy

• Spin orbit term

•Consider two scenarios:

• - applies for light atoms, consider eigenstates of                and 
treat        as a perturbation – called LS or Russell-Saunders coupling

• - applies in very heavy atoms or heavily ionised light atoms 
where electrons move faster and relativistic effects (such as spin-orbit 
interaction)  more important. Scheme called jj coupling.

•Both schemes are approximations, real atoms cannot always be 
represented by either.

2

0
0

21

ˆˆ ˆ ˆ( )
4

ˆˆ

i i
i j iij

eH H r
r

HH

ξ
πε<

≈ + + ⋅∑ ∑ i iL S0Ĥ
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2Ĥ

1 2
ˆ ˆH H



AQP Michaelmas 2008 20.12

•From the last slide:

•Consider the eigenstates of                - the Hamiltonian must commute
with     because of invariance under rotation, also commutes with total spin

•Since     only involves internal interactions and is invariant under rotation 
of all electrons  the Hamiltonian must commute with     .

•Energy levels characterised by angular momentum quantum nos.

•Ordering of energy levels given by Hund’s rules:

(1) Combine the spins of the electrons to obtain possible values of 
total spin   .The largest permitted value of     lies lowest in energy. 

(2) For each value of    , find the possible values of total orbital angular 
momentum   . The largest value of    lies lowest in energy. 

(3) Couple the values of    and    to obtain the values of    (hence the 
name of the scheme). If the subshell is less than half full, the smallest 
value of    lies lowest; otherwise, the largest value of     lies lowest.
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LS coupling (2)
•In deciding on permitted values of    and    , by applying usual rules for 
adding angular momenta, ensure exclusion principle is  respected.

•Hunds rules are empirical – there are exceptions. 

•Try to understand physical origin:

(1) Maximising     makes the spin wave function as symmetric as 
possible. This tends to make the spatial wavefunction antisymmetric, 
and hence reduces the Coulomb repulsion.

(2) Maximising    also tends to keep the electrons apart. This is less 
obvious, though a simple classical picture of electrons rotating round 
the nucleus in the same or different senses makes it plausible.

(3) The separation of energies for states of different     arises from 
treating the spin-orbit term  as a perturbation (fine structure). It can be 
shown (using the Wigner-Eckart theorem – beyond this course) that the 
energy separation is:
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LS coupling - Helium
•The ground state of He is (1s)2 and so                           - applies to any filled 
subshell.

•Consider an excited state (1s)1(2p)1, one electron excited to 2p level.

•We have           or           , with           lying lowest (Hund 1).

•Combining orbital angular momenta:

•So for           we have           ,for          we have                  with           lying 
lowest in energy  (Hund 3). 

•Conventional to represent quantum nos. with ‘Spectroscopic Term’

•Superscript            gives no. of    values level is split into by spin-orbit term.

• value represented by a capital letter:

• represented by numerical value.

•So for the (1s)1(2p)1 state of helium there are four possible states, with 
terms: 3P0, 3P1, 3P2 separated by the spin-orbit interaction and with 1P1
much higher in energy due to the Coulomb interaction.
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1L =

0S = 1J = 1S = 0,1, 2J = 0J =

2 1S
JL+

2 1S + J
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LS coupling – Helium (2)
•So for the (1s)1(2p)1 state of helium there 
are four possible states, as shown. 

•From the equation for the energy separation 
due to the spin-orbit interaction (slide 13) the 
separation in energy between states J and 
J-1 is:

•This is an example of the Landé interval rule 
– the separation between a pair of adjacent 
levels in a fine structure multiplet is 
proportional to the larger J value involved

( ) ( )1 1 2J J J J J∝ + − − =

•Hence the fine structure splitting  for 3P2, 3P1 compared to that for 3P1, 3P0
is in the ratio 2:1.

•In the case of He the situation is more complicated because the spin-orbit 
interaction between different electrons is not negligible and gives a 
contribution to the fine structure.

•Other excited states of He, of the form (1s)1(nl) can be treated in the 
same way - again splitting into singlet and triplet states.
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LS coupling – Carbon
•Carbon – ground state configuration  (2p)2. There are two equivalent 
electrons in the unfilled subshell.

•The overall wavefunction must be anti-symmetric.

•If total spin S=0 – anti-symmetric :

•Total spin S=1 - symmetric:

•Choose values of L with correct symmetry for each value of S.
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electrons 
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Hence S=1 Hence S=0
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LS coupling – Carbon (2)
•From the previous slide we have S=0, L=0 & 2 and S=1, L=1.

•This gives the terms; 1S0,1D2 and 3P0, 3P1, 3P2 .

•The largest value of S lies lowest in energy (Hund 1). So the 3P0, 3P1, 
3P2 states lie below the 1S0,1D2 states.

•The largest value of L lies lowest in energy so the 1D2 state is lower 
than the 1S0 state (Hund 2).

•The subshell is less than half full (2 electrons in 2p) so the smallest value 
of J lies lowest i.e increasing energy 3P0, 3P1, 3P2 (Hund 3).

•Note that the Landé interval rule
Is approximately obeyed.

1S0   20649cm-1

1D2  10195cm-1

3P0 0

3P1   16cm-1

3P2   43cm-1

N
ot to scale!
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Coupling Schemes: LS coupling
•But for excited state of carbon e.g.(2p)1(3p)1 electrons no longer 
equivalent - they have different radial wavefunctions.

•So combine any of S=0,1 with L=0,1,2 to give (in order of increasing 
energy): 3D1,2,3

3P0,1,2    
3S1    

1D2
1P1    

1S0

•Final example – ground state of Oxygen (2p)4

•Although there are 4 electrons in (2p) subshell the maximum value of S is 
S=1 – this is because there are only three values of ml=0,1,-1 and one of 
these must contain two electrons with opposite spin. So the maximum value 
of Ml is +1 – achieved by having electrons with ms=+1/2 in the other ml
states.

•Hence the allowed quantum nos. L,S,J are the same as for Carbon (2p)2.
•This is a general result – the allowed quantum numbers for a subshell with 
n electrons are the same as for a subshell with n holes.

•Hence the energy levels for the O ground state configuration are the same 
as for C except that the fine structure is inverted.
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Lecture 20 - Summary
•Multielectron atoms (continued).

•Hamiltonian for a multielectron atom. 

•The central field approximation and the self consistent field approach.

•The effect of exchange interactions (Hartree-Fock) – explanation of 
ionization energies of the elements and the periodic table.

•Coupling schemes – consider Coulomb and spin-orbit terms in 
Hamiltonian.

•If  Coulomb  >> spin-orbit  use LS or Russell-Saunders coupling.

•If Coulomb  << spin-orbit use jj coupling.

•Hunds rules - used to determine the ground state in LS coupling regime.

•Examples - LS coupling applied to helium, carbon and oxygen.
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Lecture 20

The End!!
(www.sp.phy.cam.ac.uk/~dar11/pdf)
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