Solutions Advanced Quantum Physics

ADVANCED QUANTUM PHYSICS
Michaelmas 2008 D A Ritchie

OUTLINE SOLUTIONS TO EXAMPLES

Many of these solutions were written by Prof D R Ward, though any inaccuracies are the
responsibility of the current Lecturer. Please report any errors you spot to
darll@cam.ac.uk.

1 Eigenvectors, eigenvalues and time development
(a) We are told that: H |y,) = E, |y, )and H |y, ) = E, |w,) where E, # E,

so: (va| Hwo) = vy Hyadx =[w, B,y dx =E, (w, |v,)
Since H is Hermitian we can write:
<l//1| H |W2> = IWz (HAV/:L)* dx :.[‘//2 (Ell/ll)* dx =E; <W1|‘//2> = E1<‘//1|W2> since Ej, E, are real.

So: (El_E2)<W1|W2>:

and if E, = E, then (y,|w,)=0 i.e. |y,) and |y,) are orthogonal.

(b) If Aly,)=|w,) and Alw,)=]y,) then adding them: A(|y/1>+|y/2>):|y/2>+|y/1>

and subtracting: A(|y) - |v)) =|v2) ~|va) =~ (jw) - |v2))-
Hence we have an eigenvector of a = +1corresponding to a normalised eigenvector
+(|ly1)+|w,)) and an eigenvalue a=—1corresponding to eigenvector - (|y;)—|w)).

(¢) The time dependent Schrodinger equation is I:Iy/ =Ey = ihaa—l';/ hence
w(t) =y (t=0)e ™" Since |y,) and |y, ) are eigenstates of the Hamiltonian H then we
can write: |y (t))=%[|w,)exp(-iEt/h)—|y,)exp(-iEt/7)].

=[(w =)y (V) =[2[ (v~ (v ][ |w)exp(—iEL 1 )~ |y, )exp(~iEt ) |

= 1{[{w ]y exp(~ELI )+ (v, v, )exp(~iE,t 1) -0—0]

=1[exp(iEt/ n)+exp(iE,t/ 1) |[ exp(—iE;t /) +exp(—iEt/7) ]

=4[ 2+exp(i(E,—E,)t/h)+exp(i(E,~ E,)t/h) | =4[ 2+2cos((E, ~ E, )t/ ) |
=4[1+cos((E,~E,)t/ ) |=cos’((E, - E, )t/ 21)

(since(y,|w,) =0 and (w;|v,) = (w,|w,)=1)

4>|»—\

o
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2 Harmonic Oscillator :Ladder operators

(a)From definition of 4,4 :

%= /#(ma*) 5| @(a*—a)

(n[&|n) = (n| 22 (&+a")|n) =z (v [n-1)+ i (n|vn+1]n+1) =0

since (n|n-1)=(n|n+1)=0.
(b) The expectation value of potential energy V (x)

5= %(ma*): g2 (8244 488" +4'4)

nl%2|n) = —"(n|4% +4™ + 44" +4'4|n
2Mmae

:m[(nwﬁ\/ﬁh—2>+<n|\/m\/E|n+2>+<n|n+1|n>+<n|n|n>]=%[2n+1]

h

:<n|V(x)|n>: w[2n+1] [n+ Jho

a2
The expectation value of kinetic energy is given by: K = Zp_m
~ . MA@ (1 A N mho At ata
p=i /T(a*_a): pZ:—T(a +4'?-4a"-4'a)
(n| p?| >:__< |a?+4™-aa"-4a'a|n)
mhw[( |\/_\/ 1|n-2)+(n|vn+1¥n+2|n+2)—(n|n+1|n)—(n|n| >] 2n +1]

= (n|K|m) =L 2 2n+1]=2[n+3]ho
(©)

) ) 2 h n
A =(x*)=(x) =5 —[2n+1]-0=_—[2n+1]
Ap? =<p2>—<p>2 =%[2n +1]—0=¥[2n+1]

mho

2
AXAP? ——[2n+1] [2n+1]=%[2n+1]2

= AXAp =7i[n+13]
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3 Spin
The spin operator in the (6,¢) direction, §9¢, can be found by forming the dot product of

the spin operator S with a unit vector in the (8, ¢) direction, (sin @ cos¢,sin dsin ¢,cosH):

< 01 0 i 10 inge™
S%:E sin6’cos¢+ﬁ _ sin6’sin¢+ﬁ cosezﬁ _cosQ sin e
21 0 2(i 0 2\0 -1 2{singe?  —cosd

We need the eigenvalues of the matrix, i.e.

h( cosd sinfe™ \(u . u
2\ sin@el¢ —cos@ )\ V v

(cos@—A)u+sinfe "v=0

Multiplying out,

sin@e’u—(cos@+A)v=0

and by eliminating u and v we find A% =1 and hence the eigenvalues of §€¢ are £17,as

expected. Substituting the values 4 =+1 back into the equations relating u and v, we can
infer the ratios:

cosig sini
_0830 s op _SINZO

in Ll 1
sin; 0 cos; 0

e

u
v
and so, in matrix notation, the eigenstates are

cos36 sin;6
i | and L9 e
sinfde —-cos30e

for eigenvalues +37 ; —3 7 respectively. The spin states in the x -direction are obtained by
setting =37 ¢ =0, and the spin states in the y -direction are obtained by setting 6 =5z
¢ =3 inthese general formule.
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4 Addition of angular momentum

a) To construct the states explicitly, we start by writing the L =3 M =3 state, since there
is only one way of forming M = 3:

33)=1122)

We then operate with the lowering operator L, which is simply the sum of the lowering
operators for the two separate particles. Recalling that:

L

0,m)=J¢(£+1)—m(m-1)%

£,m-1)
we obtain

J6n

where the first term on the right hand side comes from lowering the /=1 state and the
second from lowering the ¢ =2 state. Hence

3,2) =/21[1,0;2,2) + /45|11 2,1)

3,2) = \J4h|L0;2,2) +[2n[112,1)

The state

2, 2} must be the orthogonal linear combination, i.e.

2,2) = \[21]1,0,2,2) ~ 37|11 2,2)
Further states could be computed in the same way if required.

b) The four states are:

6=702.02
$=x Dx (2

=12, Wx )+ 7 W) x. (U2
4=1r.W (-7 02 QIN2

where ¢, ¢, and ¢, are symmetric under particle interchange and ¢, is antisymmetric.
¢, may be obtained from ¢ by using a lowering operator which is the sum of the lowering
operators for each particle. ¢, is orthogonal to ¢,.

#, ¢, ¢ allhave S=1, while ¢, has S=0.

The state y is clearly an eigenstate of §Z with eigenvalue 0, and must thus be a linear
combination of ¢, and ¢,. The S=1 component is thus the ¢, term in the wavefunction
with amplitude
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¢ =(d 1v)=(Var. 02 @+\52. 0215202 +ir07.2)
=i+t

The probability of S =1 is thus

3+242
6

=0.971

2
|C3| =
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5 Matrix Methods
The basis states chosen are the eigenstates of L,, and therefore the matrix representation of
I:Z is diagonal, with the eigenvalues appearing on the diagonal:

0
0

1
L,=n|0
00 -1

o O O

We know how the ladder operators |, affect these states, namely

L.

4,my=nJo(C+1)—-m(m+1) |4, m+1)

from which we can trivially write these operators in matrix form:

0 V2 0 0 0 0

L=n0 0 2| ;: L=n+v2 0 o0

00 0 0 V2 0

and from these we can infer
010 0 -1 0
L—i(lZJrE):i 10 1] :; E:i(ﬁ —|Z):il 1 0 -1
X 2 + — H y 2 4 -

V2|0 1 ¢ ! 200 1 o

The operator H = L2/21, +[%/21, +%/2I, can then be written in matrix form using these
results yielding

1 1 2 1 1
—t—+— 0 ——
[P I < by
2
n 0 2.2 0
4 (PR ¥
1_i 0 i+i+£
L1, L1,

As usual the eigenvalues can be found by subtracting E from the diagonal of this matrix,
and setting the determinant to zero, yielding

2 2 2 2 2 2 2 2 2 2 2
L R (= N A (A= I A Y B (=
41, 41, 21, 21, 21, a1, 41, )21, 21,
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from which we readily obtain the energy eigenvalues and eigenstates:

(1 1) m(1 1) (1 1
— =+ === = —+—
200, ) 20, ) 201, 1,
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6 Identical particles
A single particle in the potential well has (unnormalised) wavefunction and energy:

; nr?
X)=sin(nzx/L) ; E=——==¢
v, (X) =sin(nzx/L) s

The wavefunction for a system of two identical particles must be either symmetric or
antisymmetric, i.e.
sin(nzzx,/L)sin(n,zX,/L) £ sin(n,zx,/L)sin(n,zx,/L)

with energy (n/ +n’)e. If E =5¢, we must have n, =1, n, =2 (or vice versa).

(a) Spin-zero particles are bosons and must have a symmetric wavefunction, i.e.
sin(zx,/L)sin(2zX,/L) +sin(2zx,/L)sin(zX,/L)
= 2sin(rx,/L)sin(rrx,/L) [cos(zx,/L) + cos(zX,/L)]
Clearly, this has zeroes when x, =0,L, when x, =0,L and when x, +x,=L.
(b) Spin-1 particles are fermions and must have an antisymmetric wavefunction. In the

singlet case, the spin wavefunction is antisymmetric, and hence the spatial
wavefunction is symmetric, just as in (a).

(¢) In the triplet case, the spin wavefunction is symmetric, and hence the spatial
wavefunction must be antisymmetric, i.e.

sin(zx,/L)sin(27x,/L) —sin(2zx,/L)sin(zX,/L)
= 2sin(zx/L)sin(zx,/L)[cos(x,/L) —cos(7X,/L)]
Clearly, this has zeroes when x, =0,L, when x, =0,L and when x, =X, .
Contour plots of the probability density for these two wavefunctions are shown below.

Triplet — antisymmetric Singlet — symmetric
spatial wavefunction spatial wavefunction
10 E T 1 ] T 1T 1 I T 1T 1 '[ T 1.1 ] T 1 E 10 E T 1 r T 1T 1 '|' T 5.1 '|' T E
Xz/l_ ;_ _'; Xz/L ;— _;
05 F : 05 F E
0-0 = L 1 L I 1 1 1 l | L1 l L 1 L I ' L0 - 0'0 : L1 1 I 1 L | l 1 L_L | L 1 L I 1L 1 L =
0.0 0.5 Xa/L 1.0 0.0 0.5 Xa/L 1.0

If the particles were charged, they would repel through the Coulomb interaction. Therefore,
in the spin-3 case, the triplet state would have the lower energy, because the particles tend

to be further apart. This is an example of the exchange interaction, and is a simplified
model of what happens in the Helium atom.

8
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7 Variational Method
Trial wavefunction is y =A(a®>-x?), for |x|<a only. First determine A from
normalization:

a 16
1= 2dx=A?| (x*-2a’x*+a*)dx=—=A%"°
flw] K¢ Jox="2

Next, the expectation value of the Hamiltonian.

2 2
Hl//=hd

hZ
1 1ime®x? |y = Al —+ime?(a®x? - x*
omdx? 2 }" [m M’ )

and thus,
2
w|A|w)= Azfa @ —xz){%Jr%ma)z(azxz —x“)}dx

_15| 21’ +4ma)2a2
8|3ma® 105

Minimising with respect to a we obtain

1
SHESET
2 ) mw
Substituting this value of a into our expression for <z//|I:I |¢//> we obtain the upper bound
on the ground state energy

wiH|y)= \/gha) = 0.598%0

which is greater than the true ground state energy (4% ) as expected.
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8 Variational Method
Trial wavefunction Ae™”". First normalise it:

2 3
1= AZI Arr’e?Pdr = Az A — AZ= B
0 48

3
VA
We need to work out V*y before evaluating the matrix element of the Hamiltonian:

1d dy 1d _ a2
Vig=——|r=Z |==—(-prie/|= g’ - L/
v r? dr( drj r? dr( ) r

Thus, using standard integrals, we can compute

[ﬂZeZﬁr _%eZﬂr} _ e2 eZﬁr]
r

Are,r

2

<1//| H |1//> = A j: Azr?dr

2m

B EB

2m  4re,
Minimising with respect to S we obtain

me? o

- Arg =%

B

which is the inverse of the Bohr radius and thus

- m(e Y

This is the correct value for the ground state energy of the Hydrogen atom, as expected,
because we chose the correct functional form for the trial function.

10
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9 Variational Method
(a) Suppose the two Hamiltonians are H, and H, with ground state wavefunctions y, and

v,, e
Hy,=Ey, ; Hy,=Ey,

Given that V, <V,, we have
H, = H, -V, (r)+V,(r) = H, + AV (r)
From the variational principle,
<(v,| HAl“/’2> :<‘//2|HA2 o)+ (| AV [w,) = B, +(y, |AV [y, <E
where the last inequality follows because AV (r)<0.Thus E, > E,.
(b) The Hamiltonian is
~ K g2

H=-29 4v(x
2mdx2+ 9

22 )¢
e
T

Using standard integrals, we obtain

3 _h_z 22 -22% :h_z
<W|H|W>—2 /1+\/:.[V(x)e dx_zm/1+l

m

and the normalised trial function is

Minimising w.r.t. 1 we obtain:

o1 22 o\ 2
O=—+—1+, [—|V)(=2x)e dx
2m 24 7r-|. () )

where the second term arises from differentiating the normalization in | and the third term
from differentiating the integrand. This is an implicit equation for A and if we solve for |
and substitute into the equation from above:

~ IR
(WlHly)=o A+l

we obtain
(w|H]|w) _——/1 2/1\/§ij)2x2e 22 dx

This is our upper bound on the ground state energy, and since V(x) <0, both terms are

manifestly negative. Hence the ground state energy is negative, and at least one bound state
must exist.

11
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10 Molecular bonding

Taking the 1s Hydrogen wavefunctions as our basis, we apply the Rayleigh-Ritz
variational method. The elements of the Hamiltonian matrix are given in the question, so
the matrix is:

a B Py
B a B
By B «a

Neglecting the overlap integrals, the upper bound E on the energy levels is given,
according to Rayleigh-Ritz, by setting the determinant of the matrix H —EI to zero, i.e.

a-B p Py
B a-BE p
Br B a-E
Multiplying out:
(@ —E)' +2yp° -2 (¢ —E)~y’*(@ —E) =0

which factorises as:
(@—E—-1B)|(@—E)* +1B(a—E)-2p°|=0

This readily leads to the three solutions:

E=a-)p; E:a+%ﬂ[yi\/mJ

As a function of y the energies look like this:

o-2p

o-p

o+f

o+2

12
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As 68 — 60" we expect » —1, as all the bond lengths become equal. The solutions in this

limit are:
E=a-0, a-p, a+20.

As € — 180" we expect y — 0, as atoms 1 and 3 become separated. The solutions in this
limit are:

E=a, aiﬁﬂ.

Noting that £ <0, the lowest energy is « +2£ corresponding to 8 =60". Since this state
is non-degenerate, it can only accommodate the two electrons of the H; ion if they are in
an antisymmetric singlet (S = 0) spin state.

13
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11 Molecular bonding
Write (with obvious notation):

VB)=C{a,)|b,)+|b,)[a,)
(a) Normalizing |VB):
(VBIVB)=1=C"{(a|a,)(b, |b,)+2(a | by)(b, [2,)+ (b, |b)(a, | &,)| = C*(2+2SS")
and hence C* =1/2(1+SS").

(b) We have

|g) = (a)+|b))//20+S) ; |u)=(a)-|b))/2A-S)

which we can rearrange to get expressions for |a) and |b):

|a) =J@+S)/2|g)+@-S)/2|u) ; |b)=@+S)/2|g)-L-S)/2|u)

which we substitute into [VB) yielding

[VB)=C(L+8)/g:)| 9) (1= S)u,}|u, |
(¢) The orthogonal state must be
[1)=C{(L-5)/g,}[g,) + 1+ ) ]|,
Rewriting this in the |a), |b) basis, after a little algebra we arrive at:

C(1+5S?)
(1-5%)

2CS
1-s%)

a2+ [by) by == ) b, + by 2,

of which the first term is ionic and the second covalent, i.e.

(1+SZ)

(d) Inserting the given value of p gives S =0.697, and hence the ratio of IB and VB
probabilities in the state | L):

2 2
BvB=| 3*S) | 1,088
25

14
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12 Perturbation Theory

The unperturbed ground state wavefunction is

1
W, = maw 4e—mwx2/2h
0 7h

with energy 1% . The first order shift in energy is

2

1
2 p0 2
J' wo Xy, dx :(m_;’j J’ Axe ™ gy :% (standard Integral)
T - m-w

and hence the energy is

3K
E=1hw+ +0(A?
am’w’® )

N

15
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13 Perturbation Theory
The normal treatment of the Hydrogen atom with a point nucleus has potential energy

e2

V(r)=-
") Are,r

A hollow spherical shell will have the same potential for r >b, but V(r) =V (b) for r <b,
by Gauss’ theorem, and thus its effect can be regarded as adding a perturbation

2
qro_® (E_EJ
Are,\r b

to the Hamiltonian for r <b, and zero for r >b.

For the 2s wavefunction, the energy shift induced by the perturbation is

. 1 e o 11 r )
AE =(y|H'ly) = e [ 47rr2dr(F—E](1—Ej e "o

Since b« a,, the terms involving r/a, are negligible in the region of integration, so we
can simplify the integral to

2 2 2
AE =2 SI"rzdr[Llj:b—sz R, =—°
8reya, 70 r b) 6a, 87e,a,

Likewise for the 2p , wavefunction, making the same approximation, we obtain

e2 b 4 1 1 7 . 2 b4
AE:ﬁJ‘ ridr| =—= J 2zsindcos” 6do = R,
1287°¢,a, *° r b)Jlo 240a,

Both energy shifts are very small, but that for the 2p state is much smaller, because the 2p
wavefunction vanishes at the origin.

Not a good method because other effects, such as spin-orbit interaction and other
relativistic corrections would swamp the nuclear size effect. It is more effective for heavy
atoms, with larger nuclei and smaller Bohr radii, and especially for “muonic” atoms, where
the greater mass of the muon again reduces the Bohr radius.

16
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14 Perturbation Theory
Without loss of generality, take the electric field, &, to lie in the z direction. The

perturbation is thus H’ =e&z . The first order perturbation theory result is therefore
AE :—<0|e82|0> =0

since the state |O> IS an eigenstate of parity. The leading contribution to AE is therefore
the second order term

[(k|le€z|0)F  , ., I(k|z|0)[
AE=) 21— '/ _—e°& SN Bl D
gf; EO_Ek ka; EO_Ek

If the induced dipole moment is d = a¢,& , its energy of interaction with the electric field
is —1d& =-1ag, & = AE, s0 by comparing with our perturbation theory result we obtain

_2¢° 5 I(k[Z|0) ¢
“" Z Ek_Eo

‘90 k=0

An alternative derivation of this result starts from the first order perturbation theory
expression for the perturbed wavefunction:

W) =[0)+ Y, [k) where o, —<I=€Z/0)

k=0 0 Ek

The dipole moment operator for the electron is ez, and its expectation value in this state is
(neglecting small terms of order (c?) ):

(w|ez|y)=(0[ez|0)+ > _[c, (O|ez|k)+c; (k|ez|0)]+O(c?)

k=0

[(k|ez|0)
=0+2&8y 1
g(; Ek_EO

=ag,&

from which the value of o follows as before.
Since E, > E, Vk, we obtain

L2 MZIO)F 26 Ofz0(K(219) e (0]

& o E—-E; &y keo E,-E & E-E;

where we have used the completeness relation " |k)(k|=1. Note that the sum now
includes the k =0 term. Using the explicit form for the Hydrogen ground state,

we evaluate the matrix element:
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(0|2%|0) = (0|r? cos® 8| 0) =ﬂia§j07r 27 sin @cos’ edej: r’dr r’e" =a’

We also need the energy difference,

3 e
E-E,=(1-3)R, ==.
1~ B =(A-R, 4 8re,a,
from which we obtain:
3
0 <278 9910

Not too far from experiment, and higher as expected.

18
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15 Degenerate Perturbation Theory:2D harmonic oscillator
(a) The Hamiltonian for the system is: H = ZL( p2 + ﬁ§)+%k (% +9%)+ A%y
m

For 4 =0we have a 2D harmonic oscillator and can split the Hamiltonian into two parts
forxandy.

a2
H°=H3+H°:Hf=&+3k22, HO =L
y 2m 2 Y 2m 2

From the definitions of the raising and lowering operators for x

A= L (CiprmaR), d=———(ip+moR)
\N2mhw 2mi@

- h x4 A . MA@ A 4

havef=.|—"—(a+4&') and p=i,| 2 (47—

we have 2mw(a+a)an p=i\= (a"-4)

Substituting into the Hamiltonian we can find the eigenenergies for x:

Ao =%+%kf(2 o CEL R CRE ) PR

n)=H?[n) =22

EO
ny 2

= E, =ho(n, +3})

With a similar result for E, the eigenenergies of H are: Enn, = ho(n, +n, +1)

(b) The eigenstates of HC are:

If E° = o we have one eigenstate: In, = 0>‘ny =
E® =2hw, two degenerate eigenstates  |n, :1>‘ny =

E° =3ha, three degenerate eigenstates |n, = 2>‘ny = O>, In = 0>‘n = 2>,|nX =1>‘n =l>

(©)
For the 2 fold degenerate level with E° = 2hm

N oo H,, - E{’ H,

H'=A%§ and the secular determinentis:| ** o o|=0
H21 H22 - Ez

Hy,

Hz

(n,=1n, =023y
(n =0,n, =1 1%

19
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H., :<nX =1n, =O‘/1>29 n.=0,n, =1>:/1<nX =1|%|n, :0><ny =0Mny :l>
/] h /]

_a_ "M 1AL AT n = —olhentln =1\= "1 _qa_ "
=25 —(n,=1fa+n, 0)(n, =0|b+b’|n, =1) Ao —~(0+1)(1+0) = A

where we have used X = /L(éﬂi*) and y = L(kﬂﬁ*).
2mw 2mw

In a similar way:

Hj, =(n =0,n =1|A%|n =1n, =0)=2(n, =0[X|n, =1)(n, =1|§|n, =0)

h A A A h h
=1——(n =0/a+4&"|n =1)(n, =1lb+b"|n,=0)=A——(1+0)(0+1) =41 ——
—_E® Ah
Hence we have 2mo|_g - ED =+ AL
Ah . _EO Mo
2mw 2
_EF® Ah
. L E2 2mo || G 0
To solve for the eigenfunctions: =
Ah —_E® |{c 0
2Mo 2 2
) _, _Ah PO ) ___Ah _ _
For E =+505 Wehave ¢, =C, —%,for EM = -5t We have €, = —C, —%.

So the first order wavefunctions are given by:

20
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16 Magnetic fields; time dependence; precession
Taking as basis the S, eigenstates, the S, operator is (c.f. question 5 for L, ):

010
§ -1 01
2 010
whose eigenstates are:
m, = m=0 m=-1
1 1 1
212 % 0| 52
1 -1 1

When placed in a magnetic field, B, the molecules will acquire an energy xBm,, where
4 is the magnetic moment of the molecule, which in this case equals twice the magnetic
moment of the proton, and m,7 is the eigenvalue of §Z. At t =0, the molecules enter the
magnetic field in the m, =1 state, after which their wavefunction evolves with time in the
usual way, i.e.

—iuBt/h
e H

=3 V2

e iuBt/n

Thus, if uBt/i=(2n+1)z, with n an integer, the molecules will be in a pure m =-1

state, and none will pass the second filter. The time is given by t=L/v=L~m/2E , where
L=20 mmand m and E are the mass and energy of the molecules respectively. We thus

have
1
2
=0 (EJ 258410 JT "
BL m

and hence the proton magnetic moment is 1.42107%° JT*.
Note that the result can also be obtained by treating the problem as one of classical
precession. The couple = uB=LQ, where L=# is the angular momentum and Q the

angular frequency of precession. If Qt =(2n+1)z, the molecules have precessed into the
m, =—1 state, and the result readily follows.

21
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17 Magnetic fields; the Aharonov-Bohm effect

The phase of the electron wavefunction changes as the electron moves through regions of
magnetic vector potential. As the magnetic field changes, the vector potential changes and
the phase of the electron wave taking one path around the ring varies with respect to the
phase of the electron taking the other path. When the phase difference between the two
paths is oA =2zn,where n is an integer, constructive inteference will occur with a

maximum in conductance. When the phase difference between the two paths is ﬂ(2n +1),

destructive inteference occurs and the conductance is a minimum. As a result oscillations
in conductance are observed as the magnetic field varies.

The wavefunction in a magnetic vector potential A is given by:
b
olr)= v )esp 13 [T A)dr| - (oo (i)

and the phase difference between an electron moving along path 1 on one side of the ring
and moving via path 2 on the other side of the ring is:

6Az%fA-dr’—%fA-dr’z%?gA-dr’.

pathl path2 ring
Given that;
fAadr= [[vxa.ds= [[ B-ds=0
ring enclosed enclosed
surface surface

the total phase change corresponds to: 6A:%<I>:%BS where® is the magnetic flux

enclosed by the ring, B the perpendicular magnetic field and S the area of the ring. Between
maxima there is a phase change of 2z, so the change in magnetic field is given by:

Ag_2mh_ M
eS eS

Hence the area S and diameter of the ring, d are given by:

2
S:Lzﬁ(%j —d=2 /"

eAB

From the graph there are 12.5 oscillations in 400Gauss (=0.4T) which gives,

AB=3.2x10"°T/osc.=>d =2 =2 = - = 1.28x10°m
7x1.60x107" x3.2x10

h \/ 6.63x10%
7eAB

A result that agrees well with the value of 0.65x10°°m for the radius of the ring quoted in
the paper.
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20 Magnetic fields
The classical Hamiltonian for an electron in an electromagnetic field described by
potentials (A, ¢) is:

H =i(p+eA)2—e¢
2m

A uniform field in the z direction can be described by potentials (in cylindrical polars)

A,=3Br ; ¢=0

The Hamiltonian therefore becomes:

(<iAV +eA)? = (—iAV +eA)(—inV +eA)
=—h’v?+e*A* —2iehA.V —iehV.A

With our choice of potential, V.A =0 (Coulomb gauge). The perturbation terms in the
Hamiltonian are therefore:

i(eZA2 +2eA.p)

e2 B(x +v%)
_ & 2 YL € Brp
om 4 om - P

2
e e _~ e_za
=—B?*(x*+y?)+—B.L, +—B.S
am 4yt Bl +—BS,
where we have added by hand the final term representing the intrinsic magnetic moment of
the electron, ;Sz , interacting with the field. To calculate the energy shift to second order
in B, we need to use the first order perturbation theory result for the term quadratic in B
and the second order perturbation theory result for the term linear in B, obtaining:

<|L+2s|>

AE = B—<|L+28|>+828 (i +y?[i)+ B2 ezz

j¢|

paramagnetism diamagnetism vanVieck paramagnetism

The first term represents paramagnetism, the energy of alignment of the permanent dipole
moment of the atom with the field. The second term represents diamagnetism, which arises
owing to induced dipoles, and is therefore quadratic in the field. The third term, by a
process of elimination, must be van Vleck paramagnetism; being the second order energy
shift caused by the permanent dipoles.
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21 Magnetic fields; Landau levels
The Hamiltonian for an electron in an electromagnetic field described by potentials (A, #)

is:
1
H =2—(P—qA)2 +q¢
m

If the magnetic field B=(0,0,B)and we use the Landau gauge: A =(0,Bx,0) ,¢=0.The
eigenvalue equation is:

_inl
OX ,

R 2 2
H\P:i —ihi—qBi Y= S —n’ 52 —ihi—qsi Ny - 9 Y= ha—qj
2m oy 2m OX oy oz’ ot
_inl
oz
Because the particle is confined in the z direction it is in an eigenfunction of p, with

eigenvalue zero so we can write:

R 2 2 g2 A2
TR (VI (LI ) PR Bl AT - I B
2m OX oy 2m | Ox oy h ot

If U(x,y)=e"u(x—a)

We can write the equation above as:
~ 2 2 .
przi(_hza_{_m%_qmj ]<>

2m ox*

2 2
:i( o h28—+q B?X +2ihqB>2ije‘kyu(x—a)
ay* oy

2m ox’
_&” = o +1°k? +g*B*X* — 27kgBX |u(x—a)=Ee™u(x-a)
" 2m ox*
2 2
-1 —}‘126—2+qu2 )‘(—ﬁ u(x-a)=Eu(x-a)
2m OX qB

This equation is that for a traveling wave in the y-direction and 1D simple harmonic
Ik — |k = 9B3] The

oscillator in the x-direction with a potential centred at x=a = | K="7
functions u will be Hermite polynomials multiplied by a Gaussian.

2B2
A comparison with the usual potential +me?® (x— a) =5 (X a) givesw = .

The energy eigenvalues for a harmonic oscillator are given by:
E :(n-}—%)ha),n :0,1,2,3....:> E :(n.&.%)%.
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The particles are confined to an area of length X in the x-direction and Y in the y-
direction. The boundary condition in the y-direction will be W (y)="¥(y+Y) so

gB

kY :@ =2zn", n"=0,1,2,3...andsince 0<a< X then 0<n” Sﬂ XY so the
’ T
maximum number of states per unit area is:Zq—Bh :
T

The Landau gauge produces a solution of traveling waves in the y-direction, and simple
harmonic motion in the x-direction, the x and y directions could easily be swopped.

The symmetric gauge produces solutions which describe simple harmonic motion in both
the x and y directions.

These discrepancies can be resolved by realizing that this system is highly degenerate — the

electrons have a great deal of freedom and wavefunctions can easily be constructed to meet
the boundary conditions.
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22 Magnetic fields;Hyperfine interaction
H=B(y,0, +4,0,)+*W5e Gy,

(a) First two terms represent interaction between the magnetic moments of electron and
proton respectively with the external field B ; the final term is the spin-spin (hyperfine)
interaction between electron and proton.

(b) The Pauli matrices are:

01 0 —i 10
O-X: ; O, = . ; O-Z =
10 Vlio0 0 -1

o, =l o =1 o, =il o, d=—i1

and thus we have

Using this we can evaluate

TeTp>EdeXO';

TeTp>+O'ey0g

TeTp>+0'eZO';

)=

Yoby)-

¢e¢p>+

)=

1)

&e'&p

Tobo)=

i«eTp>+

v)-

Te¢p>=2

Y-

Te¢p> etc.

&e'&p

The terms in the Hamiltonian can thus be evaluated straightforwardly

b+W 0 0 0
0 b-W 2w 0
0 2w —-b-W 0
0 0 0 —b+W

(c) By inspection, the states

TeTp> and

W +b and W —Db respectively. The other two energy eigenvalues are given by the
solutions of

¢e¢p> are energy eigenstates with energies
b-W-E W |
W b-W-E|

E=-W +/aW?2 +b’

As a function of b these energies look like:

which leads to
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E/W

15|

10 |

5|
10 f

a5 f

_m'III‘III|III|IIIlIILIIlIl\IllIlIllIIlIL
0 2 4 [ 8 10 12 14 16 18 20

In the case where b <W , i.e. where the external magnetic field is very weak, these reduce
to W +b?/2W and —3W —b?/2W , so there is a triplet of S =1 states with energy close to
W, and the singlet S =0 state with energy close to —3W . In the other limit where b >W ,
i.e. where the external magnetic field is very strong, this expression reduces to +b, so we
have two states with energy close to +b and two close to —b, corresponding to the two
possible orientations of the electron spin.
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23 Transitions:Two state system

The Hamiltonian for an interaction between a magnetic moment pand magnetic field B is
givenby:H =—fi-B.

In this case i =S = y%& in terms of the Pauli spin matrices, so H = —y%&-B :

Substituting into the time dependent Schrodinger equation, I:|y/ = ih%—l/;, we have:
_1 B 6 t :|a_l//
5/b-0 V/( )> ot
a 1 Ojla] .0/a
IfB=(0 0 B,)and w(t)=| [then: —-1,B =1—

So
—%7Boa = i%: a=Aexp(iyByt/2) = Aexp(iwyt/2)

%yBob = ii—?: b=Bexp(—iyB,t/2)=Bexp(-iw,t/2)

We can normalize this by writing A= cos(6/2), B=sin(6/2)

1 0
So |y (t))=cos(/ 2)exp(ia)ot/2){0} +sin (9/2)exp(—ia)ot/2)L} as required.

w)=lal)=rifa w17 |5 |- hanena)

=y% 5(012)sin(012)[ exp(—iw,t)+exp(imgt) | = ¥ %IHHCOS @yt)

-
(1) =lalv) =4 0] || b eiva)

cos(012)sin(012)[ —iexp(iay,t)+iexp(iot) | = -y &sin Osin (eyt)

. .1 0]a] I
<ﬂz>=<w|yz|w>=7%[a : [0 ® e l-r4era-vo)

These equations represent precession of the magnetic moment vector about the z-axis with
angular frequency @, . The magnetic moment is at an angle of & to the z-axis.

H=-fi-B=—»SB, (ﬁzyé)
d
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i@:ﬁ [(§i+§yj+§zk)(§xB +5,8,+5,8,)-(5,B,+5,B,+5 BZ)(§X1+§yj+§Zk)}>
S

X y-y z

A

i|S,(5.8.+5,8,)-(5,B,+5,8,)S, ]

o
+
(29
ez
o ~—
/l\
)
o
+
(29
o
o S——
)
| I—
+

E@:I? [8.8,]8,-[8..8.]8. |+i[-[5.8,] X+[§y,§z]82}+k[[§z,§x]ax—[éy,éz]ByD
:_y2<i[§sz—§yBZ]+J[—§ZBX+§XBZ]+k[§yBX—§XBy]>

:y2<§xB>=y2<§>xB:y n)xB

%<ﬁ>=7<ﬁ>x3 as required.

From above:

{yx>=y%sin0cos(a)0t) <yy>=—y%sin93in(a)ot) (;sz%cose B =B,j

So:

(i) = y &sinocos(amyt)i— y Lsinosin(wyt) j+y L cos ok

And therefore:

()% yBok = y (11, ) Byi— (11, Boj = =y sin Osin (a,t) By — ° Lsin 0.cos (a,t) By
Also
d

a(ﬁ) = —y, &sinOsin(wyt)i— ye, &sin cos(amyt) j

=—y*B, LsinOsin (et )i—y°B, Lsincos(wyt) j

Hence %(ﬁ) =y(n)xB Is satisfied.

The cross product of magnetic moment and magnetic field produces a torque which causes
the magnetic moment to precess around the magnetic field.
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25 Time Dependence
Standard bookwork allows us to derive the amplitude for being in state v, at time t:

C, (t)= %J‘; dt’ei EnEoltn <‘//n | |:| '(t')

‘//o>-

In the present instance,
H'(t)=e&,ze™""

The matrix element <1//25 | z|y,,) is zero, since the 1s and 2s wavefunctions both have even
parity while z has odd parity, and hence the integrand has odd parity. Therefore the

probability of finding the atom in the 2s state is zero.

The matrix elements <1//2 p1

z|y,,) are zero, since the ¢ part of the integral will vanish:

2|yy) = [dr-[do- [ dge™ =0

<W2 Pl

The only non-zero matrix element is:

1 1
_ 1 2 1 2 2 2 —Tlag o128 H 2
<y/2p0 ZW15>—(%J (ﬂ_agJ Ir dr r’e e IZﬂSIHHdQCOS 0
1 a4 ax
a2ral (3/2a,)° 3
2564,
2432
The t' integral, taking the limitas t — o, is:
J.OO dtre—t'/rei(Ezp—Els)t'/h :;
0 Vzr—iAE/R

where AE=E, —E = % R, . Putting all this together we obtain the probability of being in
the 2p, state after a long time as

e’glal2® 1
3 AE? + 1%/ 7?

| CZ Po (OO) |2:
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26 Time dependence
From the previous question ¢, (t) :%J'; dte & = (i A1) |y

The perturbation is:

H'=Ax(1-t/T)  0<t<T,  he,=(n+1/2)h
AT t' ,

=c, (tzT):EJ0 exp (inat )(1—?j<y/n|x|y/0>dt

A . t'
n=1=c¢, :EJ.(: exp(la)t')(l—?j<://l|x|1//0>dt

Integrating by parts:

)

cl:%m|x|wo>{—.i+.i-.i<exp<im)—1)}=ﬁ<wl|x|%>{1+l‘%$“’”}

h 2mow
A ATV [ ey

2 - 2
=i (] g e o)

Which is the probability of being in the first excited state at time t > T .
: (AY & A2
For ol >1, |c1| == | —=—"—
2mo  2mho

+J~T exp(iot') dt’}

o T

~ n2 2 2
We have H, +Ax = Py +£ma)2x2+/1x_ b, +—ma)2(x+ /12) 1A .
2m 2 2m 2 M 2 Mw

So for the new ground state we can use x' =X+

And: {y, |ws) = (Zm_a) %) J.:xexp(—axz —ax”)dx where a:%

)l )
R T S NL NN S RN
(T ol (k]

. . 2 2mo  A? A?
So to first order in A o= =
(yalwo) noAmle’  2mhe®
(Or: find an expression for  in terms of w,,y, using 1* order perturbation theory)

Now

ax®+ax’? —o{x +

31



Advanced Quantum Physics Solutions

27 The Fermi golden rule
We can expand the wavefunction:

|1//(t)> = ch |1//n>exp(—ia)nt), ihM :[I:|O +V exp(—ia)t)]l//(t»

ot
|hz

Cancellmg terms from the unperturbed Schrodinger equation.
On the rhs we can approximate ¢, =1,c,,, = 0and left multiplying by (i, |

Yexp(—iat) ZVexp —it)c, |y, )exp(-im,t)

=<1//n |\7|t//l>exp(i(a)n —a)—a)l)t)

1t - . 1\ ! 1 7 exp(i(a)n—a)—a)l)t)—l
=C, =EJO<Wn |V|‘//1>exp(|(a)n_w_a)l)t )dt z_%@/” |V|‘//1> o, —0—-0

Substituting into above:

o (0)= ) o)X 7y 2P0 N

lw,)exp(<im,t) as
required.
(i) if E, =E, +ho then o, = ®, + @ and expanding the exponential

exp(i(a)n —a)—a)l)'[)—l N 1+i(a)n —a)—a)l)t—l

@, —0—w, W, — 0w,

=it

t? -
= prob=[c,|* = (v, [V v o

dcn2 2t - 2
rate= 10 S

dt

(i)If E,#E +ho

. 2
e
,lexp (1964 (exp (192t ) — exp(~idet) | sin? (ot
- <l//n|v|l//1>‘ ‘ ( 2 )( (52) ( 2 ))‘ ;z<‘//n| |l//1>‘2 55022 )
. sin (92L) cos (92t . i
rate= |dt| =§<l//n V)| % ;w % )=7;l—22\<t//n|V|l//1>\2 Smgia)t)

To calculate the overall transition rate we integrate the probability of a transition over all

energies
. sin? (o2t
P:hiz”<'//n |V|‘//1>‘2 55022 )g(En)hd (o)
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Making the substitution: x =3 5et, dx=15d(ow)

- ‘Ztsinzx

P=2 vV v 50 (E, ) ox

n

sin? x

X2

The is only significantly different from zero over the range—2z < x < 2z so for

large t we can assume that the density of states and the matrix element are constant.
Th2

Since jm N X _ o we get for the probability:
- x

> =

P2/, o) o) vl a(E)

—0

» tsin® x 27
N dXZ?K

And the transition rate:

;_dp_2x

- 2
== (walVlv)| 9 (E))

Assumptions

Includes a continuum of final states — ok for large systems with lots of states

Density of states is a constant in the integral — as time increases the sin® x/ x* function
becomes more and more sharply peaked.

‘(wn \ |1//1>‘2 is a constant for all final states....... ?
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28 Scattering
From lectures, Born Approximation gives:

d m ’ iK.r
£ =(—2ﬂ_h2j UV(F)e Krqr?

2

where K is the difference beween incoming and outgoing wave vectors, of magnitude
2ksin1 6. In the case where V (r) =V (r), i.e. where the potential is centrally symmetric, it

is convenient to take K as the axis of polar coordinates for the purpose of integration, so
that K.r = Krcosé'. The integral thus becomes

J'V(r)e““d3r = JV (r)e" " 2z sin@'dg'r*dr

) eiKrcosé" 4
:ZﬂJ'V(r)r dr[ m l

iKr

Az .
:?_[V (r)rdrsin Kr

and hence

do om . 2

90 :(ﬁj UV(r)rdrsm Kr‘
Taking V(r)=-V, for r <a, and V(r) =0 otherwise, the integral becomes (integrating by
parts):

—V.[arsinKrdrz—V _rcosKr +jaCOSKrdr :—V—O(sinKa—KacosKa)
Jo ° K |, 7© K K?

and thus

2
j—g = {% (sin Ka—Kacos Ka)}

In the low energy limit, K —» 0,

sin Ka— Kacos Ka ~ Ka—%(Ka)3 —Ka(l-1(Ka)?)=%(Ka)®

and hence

do _(2mV,a’ i
dQ 3n

This is independent of K and hence independent of &, so isotropic, as required. The total
cross-section is obtained by integrating over solid angles, which simply involves

multiplying by 47 in this case
3 2
o = 47{ 2mV,a ]

3n’
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29 Spontaneous emission

From lectures decay rate is:
3 2
_ o [dy ]

- 3me,C’h

and the lifetime is thus z =1/A. Take for example the 2p , state of Hydrogen decaying to 1s
(the other 2p states must have the same lifetime, but the 2p, to 1s decay depends on the
matrix elements that we computed in question 25). Only the z component of d is non-
zero for this transition, (the ¢ integral yields zero if you compute the matrix elements of x
or y) giving:

256ea _
(2p, |ez|1s) = 243\/50 =6.31x10* Cm

The energy of the emitted photon is

4
ho=SR =3 M ,-156x10° Hz
4 4 2(4re,)h
Hence, the lifetime of the state is
r=156x10"s

The only lower lying state to which 3s can decay is 2p according to the selection rules. We
can expect the matrix element (3s|ez|2p) ~ ea, on dimensional grounds, and thus not very

different from (2p|ez|ls). The main difference between the lifetimes of the 3s and 2p

levels will arise from the difference in @®. For the 3s — 2p transition,

ho=(G-HR, = R

T3

The ratio of the lifetimes is therefore approximately

ﬂ~(§.§j3~150
r(2p) \4 5

The only state lying below 2s is 1s, but the decay 2s— 1s is not allowed by the electric
dipole selection rules. The 2s state is “metastable”. The dominant decay is actually via two-
photon emission, a process which can be described by second order perturbation theory,
and occurs very slowly. In practice, atoms may well make transitions from 2s to 2p (for
example) before decay takes place as a result of collision processes. Alternatively, decay of
the 2s state may be induced by the application of an external electric field, which mixes 2s
and 2p through the Stark effect.
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30 Spontaneous emission
At some juncture midway through the transition process, the wavefunction will be

|l//> :ae-iEzpt/h ‘2p1>+ﬂe—iE1st/h |1S>

In principle, the coefficients « and g are time varying, but the lifetime of the state

(question 20) is much greater than the period of the emitted radiation, so we can neglect
this. The expectation value of the x dipole moment is

(d,)=efy[xly)
=e[|a’ |(2p,|x[2p,)+a’Be (2p,|x|1s) + ap'e ™™ (1s|x|2p,)+ | B7 | (15| X|15)]

where w=(E,, —E;)/h is the frequency of the emitted radiation. The first and fourth
terms are zero from parity, and thus we have

(d, ) =2eR[a"Be (2p,|x|1s)]
The x dipole moment thus oscillates with frequency o .

Next, evaluate (2p,|x|1s), noting that x =rsingcos¢:
1

1
1 ¥ 1V . e
<2P1|x|1s>=(64ﬁa§] [ﬂ_agj [dge cosg[dosin® o[ dr rte e

_ 4 256a;
8ral 3 81
_ 128a,

243

To evaluate <dy>, the calculation is identical, except that cos¢ becomes sing in the ¢
integral. The upshot is that

(2p,|y|1s) =i (2p, |x|1s)

Hence the y dipole moment oscillates at the same frequency as the x dipole, but 772 out
of phase, i.e. the atom has a rotating dipole moment, which yields circularly polarised
radiation. The magnitude of the dipole moment is 2R[«" f]128ea,/243, which is of order
ea, as required, and indeed as it must be on dimensional grounds.

From classical electrodynamics, the rate of power emission from a dipole d oscilating at
frequency o is

w'd?

3re,C

According to quantum mechanics, the rate of transition is given by the Einstein A
coefficient, which we multiply by 7@ to get the power radiated:
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3 42 4 42

@ dyj @ di;

Ahw = o = <l
3rg,hc 37g,C

in accordance with the classical result, where the matrix element of the dipole operator
di;=(k|d| j) plays the role of the classical dipole moment.
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31 Coherent states
To generate a coherent state we make an expansion in number states, which form a

complete set.|a)=> ¢, |n)

To find the coefficients in this expansion -¢, =(n|a) we use the definition of the coherent

state — that it should be unchanged when operated on with an annihilation operator:
8|a)=ala)

The eigenvalue @ may be complex sinced is not hermitian. If we left multiply by (n| we

obtain (n|4|a) = a(n|a) and since(n|a = \/m<n +1| we have:

a(n|a) = (n|]a) =n+1(n+1|a)

Which is a recursion relation between successive number states.

If we apply this to the successive states:

a(Oje)=Vi(lja), a(la)=v2(2a), «(2]a)=\3(3a)
Wefindthat:<3|a>=T<| a)= \/_f<| a)= mmw

SO:

lrle) =L o) = )= (oa)S L)
To normalize we can use: (a|a) =|(0|« |Z >:|<0|a>|2e“"‘2giving:

@)= ':;;“T”ww

n!
To assess the orthogonality of the states we can derive an expression for |<a| ,B>|2.

Substituting the expression for the coherent states into (a|8) we get:

af 1271 12 a “ s i ol 12, 12~ a'p “ “of?12_—pf 12 0"
(a|B)=¢ GRS ;ﬂ:(\/_) (\/l< |m>=e” e Zn:( n!) — gl 12glAl 12gas

Since (n|m)=¢,,, and hence

(a |ﬁ>|2 _ el gt gangra g I p ) _ st g Va,p.

Hence coherent states are not orthogonal to one another.

The probability of having n photons in a coherent state is given by:
p(n)=[(na)f =

Which is a Poisson distribution with a mean value of n:(n) = |a|2where we have:

n) e
p(n)- e

2n o

. 2
el Al . a"e
e\\/zz W<n|J>‘ -

im0 n!
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0.40 T - T T T T
n-w )
0.36 < <n>=1 b
0.30 4 .
0.25 4 -
£ 0,204 l <n>=5 _-
a .o - J
0.16 - SN e .

J [ \ A <n>=15
0.10 4 3 :,\ 8 '-v-v‘.'" E
4 / & ) '/ & '\v‘v L
0.05 y \ v ‘ v -
] AV IS ., ]

0.00 'y Ay * 2 WY

. T v T T T T T ¥ T
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n

The distribution tends to a Gaussian for large (n)

(figure taken from “lasers,atoms and light” R T Phillips)
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32 Lasers
B,, describes the stimulated transition between levels 1 and 2 with the transition rate per

atom being given by B,u(w) Where u(w) is the energy density of radiation per unit
frequency. B,, describes the stimulated transition between levels 2 and 1. A,,is the

coefficient for spontaneous transitions between level 2 and level 1 it is the transition rate
per atom.

Suppose we have many atoms in a black body radiation field u(») at a temperature T with
the numbers of atoms in state 1 being n, and in state 2, n,.

In thermodynamic equilibrium the transition rates2 -1 and 1 2 must balance:

n, [A21 + Buu(m)] = n1812u(a)) .

In thermal equilibrium relative populations of two states are given by the Boltzmann

—E /KT

factor: 2—1 = 312*2“ =e"*"where ho=E, -E and so: g,A, = {ngue”“”” - ngzJu(w)
2 2
3
The energy density per unit » is given by Planck’s black body formula: u(e) = %ﬁ

3
ho L T The A coefficient (spontaneous emission)

2208 ek _

and so: 9,A, = {nglzeWkT -0, Bm}

cannot depend on temperature so T must cancel on the RHS and hence:

ho' heo'

92821 = 91812’ 92A21 = nguﬁ = 91812 ﬁ
dN,

at =RN,-A,N, - Buu(a)) N, +B,u (a)) N,

dN
d_tl = AN, = AgN,; +B,u(@) N, = BLu(@) N,

In equilibrium rates are zero:
0=RN, —A,N, -B,u(@)N, +B,u(o)N, 0=A,N, AN, +B,u(o)N,—-B,u(o)N,
Since g¢,B,, = g,B,, [2]we have

0=RN, — AyN, =Bt (@)(N, =N, ) 0= AN, = AgN, +B,u (@) (N, ~ &N,
Adding these equations gives: RN, = A N, and from the RH equation above

9%
o N, (At EBa(e)
N, (A +Byu(@)) =N, (Am +5 By (a))) >N Was required

&_&_ (Am +3%821u (a)))_g%(AZl+ Bz1u(w)) B Ao _%i Ao
N, g - (A21+ B,u (a))) N A21+821U(6())
Ao-g A RN, Av-g A
A21+BZ:LU(C())_ AiO A21+821U(a))

= AN =N,

If the spontaneous emission from level 1 to level O is much greater than that from level 2
to level 1 a population inversion can be maintained. If the degeneracy of the lower level is
greater than that of the upper level, g, > g,, it is easier to achieve AN >0, since

9,B,, = 9,B,, = B,, > B,,and the stimulated 2 — 1 emission rate is greater than the stimulated
1> 2 rate, giving rise to a net emission of power even though N, <N, .
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34 Spectroscopic Terms

2s3p Allowed values of L and S quantum numbers are S=0,1 L=1. Non-equivalent
electrons, so all combinations of L and S are allowed, so terms are:

1 3
Pl’ PO,l,Z

(2p)> Equivalent electrons, so take S=0 (antisymmetric) with symmetric spatial
wavefunction L=0,2, or alternatively S=1 (symmetric) with antisymmetric spatial
wavefunction L =1, so terms are:

lSO’ 1D2’ 3|:>0,1,2
(3d)> Equivalent electrons, so take S=0 (antisymmetric) with symmetric spatial
wavefunction L=0,2,4, or alternatively S =1 (symmetric) with antisymmetric spatial
wavefunction L =13, so terms are:
180> 1D27 1G47 3Po,1,27 3F2,3,4
(3d)™ Completely filled shell, so L=S=J =0, term is

ISO

(3d)° Shell has just one unoccupied state, so the values of L, S and J are just those for a
single electron in the shell, i.e. L=2, S =% and the terms are

’D

Nlw
Nl

(4f)° first Hund rule says maximise S, = S =3. This spin state is totally symmetric with
respect to interchange of electrons, so the spatial state must be totally antisymmetric.
Hence the six electrons must occupy six different m, values out of the seven (2¢+1)

available. Hence the total M of the atomis M =£3,+£2,+1 0, and so L =3 is the only
possibility. The shell is less than half full, so Hund’s third rule says J =|L—-S|=0. The

termis
;
FO
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35 Single electron spectra
Answers to introductory questions:

e Sodium has a single electron outside closed shells. All the excited states involve
excitation of this electron. Appropriate quantum numbers are ¢, s and j (the
quantum numbers for the whole atom being the same as for the unpaired electron.
The allowed states for the electron are [3s (ground state), 3p, 3d], [4s, 4p, 4d, 4f],
[5s, 5p, 5d, 5f, 5] etc.

e The spin-orbit interaction splits each level into a doublet according to j=/¢+1,

except for the s-states for which j =3 only.

e The spin-orbit effect decreases with n, since the electrons in higher energy levels
see a smaller magnetic field, because the nucleus is better screened.
e Selection rules AJ =+1,0, parity change, A/ =+1.

Doublets involve s<«>p transitions.
Those in group II all have the same

doublet spacing, so they all involve - s
the same p-state. They are likely to L e * =
be 4s—3p, 55— 3p, 65— 3p and r N — 5
7s—3p respectively. Those in i '

group | are probably several p-states - —_— 3

decaying to the same s-state. Note
that the first one has the same
splitting as group II. They are
therefore likely to be 3p—3s,
4p—>3s, 5p—»>3s and 6p—3s
respectively, with spin-orbit
splitting decreasing with n as
expected. The group III triplets Ll
must involve d <> p or higher values
of 7. The splittings are the same as
in group II, telling us that 3p is -
involved again. They must be
3d—>3p, 4d—>3p, 5d—>3p and
6d—3p. You can check with the ¢
Grotrian diagram in the lecture
notes that your diagram looks about
right with these assignments. It should look something like this:

[+ I 45

[T

(a)5p ., 5p.are involved in the transitions of frequency 1.05086 and 1.05079x10"Hz,

which  differ by 7x10"Hz . The  energy  splitting is  thus
7x10°h=4.6x10%J =0.29 meV .

(b)We expect the Sodium energy levels to converge to the Hydrogen levels for large n,
and thus to scale like 1/n®. To test this, note that the ratio of the energy differences (6s-
5s)/(7s-6s)=1.9, compared with the expected ratio (% —=)/(% —75) =1.65, which is not
too bad. The energy difference between 7s and ionisation may be estimated as the energy
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difference between 7s and 6s (Planck’s constant h times 0.049 10" Hz) times
L _1)/(&-1), which yields hx0.135 10" Hz. We add this to the energy difference

49 o 36 49
between 7s and 3s, inferred from the sum of the 0.63142 10" Hz (7s—3p) and

0.50899 10" Hz (3p— 3s) transitions to obtain hx1.27 10™ Hz, i.e. 5.2 eV. You could
use other states instead in a similar way.

(c) The spin-orbit energy in the p-states can be estimated from the splittings of the
corresponding doublets in group I. The Coulomb effect is given by the difference between
the p- and s-levels for a given n. The ratios in the n=3 and n=6 cases are:

spin—orbit  0.00052
coulomb 0.51

=1.0210°

spin —orbit _ 0.00003
coulomb 0.028

n=6: =1.07103

i.e. both effects decrease with n at about equal rates.
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36 Atomic Spectra
Selection rules in the electric dipole approximation:

Always valid in L-S Coupling regime
Parity changes AS =0
AJ =110 not(0—0) AL=110
AM, =210 AM¢ =0
| A¢|=£1 if only one electron involved AM =%10
Terms:
Configuration | Singlets | Triplets
() 'S,
(15)(29) 5, | °s,
(1s)(2p) ‘P, Py
(1s)(3s) 'S, ’S,
(15)(3p) P, *Poo
(1s)(3d) ‘D, *Dy;,

Absorption spectrum will involve transitions starting from (1s)* only, so the two of lowest
energy will be 1s—2p (*P) and 1s—3p (*PR,), corresponding to 58.4 nm and 53.7 nm

respectively. If the atoms are excited by a discharge, they can get into any of the excited
states. The two (1s)(2s) states are metastable, because the selection rules debar their decay,
and hence a significant population will build up in these two states. The new absorption
lines will start from these levels, so the singlets at 2058 and 501.6 nm are 2s—2p and
25— 3p in the singlet system. The multiplets at 1083 and 389 nm are 2s— 2p and 2s— 3p
in the triplet system. The singlet emission lines not covered above are probably 3s—2p
and 3d—2p. The multiplet emission lines not covered above are likewise 3s—2p and
3d — 2p. The energy level diagram is therefore as shown below

Singlets Triplets
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Going to heavier atoms, Be, Mg, Ca, the same general picture should emerge, with the
principal quantum numbers n increasing by one in each case. The relative importance of
the spin-orbit interaction will increase with atomic number, meaning that the L-S coupling

approximation may become less valid. In Ca, the ground state (4s)? has term 'S, and the
first excited state (4s)(4p) has a singlet ‘P, and a triplet *P,,, term. Transition from the
ground to the E‘qu0 states are forbidden by the stringent AJ selection rule, but transition to

*P_is only forbidden by the weaker AS selection rule. The fact that this transition is seen
tells us that the L-S coupling approximation is not terribly good in this case.
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38 Zeeman effect
In the LS coupling regime we have

A A

+Z +Z§(r)ﬂ~§i where H, > H,
i<j 4 5‘0 ij i

H,
For the eigenstates of H ~ I:| + Hl, the Hamiltonian must commute with J2because of
invariance under rotation, it also commutes with S2. Since H1 only involves internal
interactions and is invariant under rotation of all electrons then H ~ ﬁo + I:|lmust commute
with L?. Given jf L+S we have J2 =17 +82 + 2L-S and eigenstates of J%, L*and S*are
eigenstates of L.-S. So the energy levels are characterized by the quantum numbers L,S,J.
and m; .

Since m; =m, + mg and we only have one possible combination for m_+mg =3

wherem, =2, mg =1, m; =3 then we can write‘qﬁLzz,S:l,vaJ :3> = ‘szzmezz>‘Zszlva:1> .

Given:
Be
AE, 3m =(#ssm, = —(L,+25,) )
Be [<WL 2, I: l//L—z ’2>+<ZS*1 71‘2§ lS%L *1>:|:E[2h+2h]=4ﬂ58
2m m = z =2,m_= =1,mg =! z =1,mg = 2
Sinceg =S LLHD=SCE+D o poeq 3 22+ - 1(1+1) 3 4 4
2 2J(J +1) 2 2.3(3+1) 2 24 3

AE = guBm, =%yBBx3: 41,B - so this is consistent.

Now: jf ‘ ¢|_:2,s:1,3:3,mJ :3> = ( |:, + Si)‘l//Lzz,mLzzﬂls:l,ms :1>
L> = h\/L( L+1)—m_(m_%1) y/LymLﬂ>we can write

h\/g‘@_:z,s:l,kamJ :2> = h[Z‘WLzz,mL:1>‘ Zszl,ms:1> + \/E‘WL:Z,mL:ZM Xs=1,mg :oﬂ

‘¢L:2,S:1,J:3,mjz2> = E‘V/L:Z,mL:1>‘ZS:1,mS :1> + E“//Lzz,mL:2>‘ Xs=1,mg :0>
3 3

Be | 2 1 8 .
So: AE h+2h)+=-2h |=— 1, B and calculating the g factor
2132 — om [3( ) 3 } 3/UB g g

e

3 6-2 4 4 8
L=2,5=1J=3m, =2, g=————==-=>AE= Bm, =—u.:Bx2=—1u.B,
g Y 3 gusbm; 3/‘15 3ﬂ5

Which is consistent with the previous calculation.

The orthogonal state:
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‘¢L:2,S:1,J:3,mJ :2> = |:\/%‘VIL2,le>‘ Xs=1,m; :1> _\/g“//Lz,mL2>‘ Xs-1mg o>}

Which gives: AE _bell h+2h +—2-2h :—7,u B
21,22 2 3 3 3 B
m

e

andL=2,S=1,J=2m,=2, g =——;=g:>AE=g,uBBmJ :%,uBBX2=%,uBB

again consistent with previous calculation.
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39 Zeeman Effect Derivation of the Landé g-factor — standard bookwork.

The °S, level has g=2 and °P, level has g =2. Bearing in mind the selection rules,
AM; ==£1 0, the shifts in the energy levels are:

M; AE M, AE
3 1 2B 1 3B
: R
0 0 0 0
-1 24,8 -1 -3uB

and thus the shifts in the energies of the allowed transitions are

m,
+1

jSl < N
M, AE
1-1 | +3414B
150 | +24,B
0—1 _%/UBB
0->0 0
0—>-1 +%IUBB
-1-0 —24,B
-1-5-1 —%/uBB
3P1 El

The line therefore splits into seven components.
Viewing perpendicular to the magnetic field, all seven lines will be seen. The AM, =0

lines correspond to dipoles parallel to the field, and thus the light will be plane polarised in
the direction of the field; these will have energy shifts of +3 B and zero. The AM; =+1

lines correspond to dipoles perpendicular to the field, and thus the light will be plane
polarised perpendicular to the field; these will have energy shifts of +32 4,B and £24,B.

If the *P,—°S, transition is excited with circularly polarised light, the photons carry
angular momentum +# along their direction of propagation, and hence only the AM; =+1
transitions are excited (or only AM; =-1 if the other sense of polarization is used). So

only two transitions are possible, namely —-1—0 and 0 — 1.
In this process, only the M, =10 sub-states of the °S, level get excited. Viewing the

fluorescence along the magnetic field direction, only the AM, =<1 transitions can be seen,
of which those starting from the M, =10 states are 1— 0 and 0 — -1 (both circularly
polarised) and 0 —1 (with the opposite sense of circular polarisation).
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